Section 12.9: Representations of Functions
as Power Series

Differentiation and Integration of Power Series:

If the domain of a power series (i.e., the interval of convergence) is not a single
point, then (with the possible exception of endpoints—see note below):
1. fis differentiable in the same domain:

oo

f(x) = E c,(x -—a)' =c,+ci(x -a)+cy(x - a)y + -

n=0
and
flee) = % 20 c,(x —a)'| =0 +c + 2¢c(x - a)+ 3c3(x - a)y + -

or fl(x) = i ne, (x - a)" !
n=1

NOTE: f/(x) = i ne,(x - a)* !
n=0

2. and the integral can be determined:

oo

f@) =Y c(x-al=c, +cx-a)+cylx-a)l+-
n=0

and ff(x)dx =C+ @ -a)+ cc(@ - af + ey(x - a)f + -

oo

orff(x)dx=C+E

n=_0 n+1

(x _ a)n+1

NOTES:

1. This result states that functions defined by power series behave exactly like
polynomial functions; i.e., they are continuous on their interval of convergence,
and derivatives and antiderivatives can be found just like for polynomials (by
differentiating and integrating each term)

2. After taking the derivative and if the original series has convergent endpoint(s),
then check the endpoints of the new series. There is no need to check endpoints
if the original series did not have convergent endpoints.

3. After integration, check endpoints even if the original series has no convergent
endpoints.




1( xr -1 )n

n

(a) Find the interval of convergence of f(x).

(b) Find f/(x) and find its interval of convergence.

Example: Suppose f(x) = Y, (-1)
n=1

(¢) Find f f(x)dx and find its interval of convergence.

(a) We use the Ratio Test.

(-2 - 1!
lim n+1 - lim (x _ 1)n+1. n
nee| CDPME - D | mee| mr 1l (@- 1
n
= |x - 1| lim|— " ‘
n-wo|M + 1

=|lx-1|-1<1
=]le-1| <1

Thus, the radius of convergence is % = 1. By solving the absolute value

equation, we find that the interval of convergence is at least 0 < x < 2 or (0, 2).
Now, we must check the endpoints.

x=0: i _1n+1 - 1) i _1n+1 -1)"
21( (0 )=Z:1( > (-1)

n n

) hnd (_1)2n+1

n
-1
n=1 M
This series diverges since it is -1 times the harmonic series.

oo

x=2: i (_1)n+1(2_ 1)n ) i (_1)’n+1,1n ) i (_1)’n+1
n=1 n n=1 n n=1 n
This series converges since it is the alternating harmonic series. Recall
the alternating harmonic series converges by the AST.

So, the interval of convergence for f(x)is 0 < x < 2.




(b)

(©)

Now, let’s take the derivative of f(x).
i _1\yn+1 _ n
n=1

dx n
B S Vit G Vi
n=1 n

- Y 1l -
n=1

By the result on page 1, we know this series converges at least on the interval

0 < x < 2. Since the original power series did not converge at the endpoint x

= 0, the series found by taking the derivative does not converge at x = 0. So, we
only need to check the endpoint x = 2.

oo o

x=2 ) N2 -rt= ) (Gortirt = Y (ot

n=1 n=1 n=1
This series diverges by the n' Term Test.
So, the interval of convergence for f/(x) is 0 < x < 2 or (0, 2).

Now, let’s take the integral of f(x):

ﬂi CO" M - DM,y DG - DY

n=1 n n-1 nin + 1)

By the result on page 1, we know that this new series converges for 0 < x < 2 or
(0, 2). However, we need to check the endpoints. (When integrating, the new
series may become convergent at the endpoints.)
x=0: z“’: (_1)n+1(0 _ 1)n+1 ) i (_1)2n+2

n=1 n(n + 1) n-1 n(n + 1)

n-1 n(n + 1)
Now, using the LCT and comparing the series to a p-series with p = 2

( E iz] , we find that the series converges since

n=1 N

1

2

lim P+ g 1 nt

n- o 1 n-o n(n +1) 1
,n2

2
= lim —* =1

n-» n2 +n



x=2: i n+1 n+1 i n-+1 n-+1
= o (@2 -1)ert (-1)""7(1)
2 1 n(n o+ 1)
(1!

n-1 n(n + 1)

mol nn + 1) n

This series converges by the AST since lim 1 0 and the series

n-o n(n + 1)

is decreasing; that is,
1 1

< .
(n+ D(n + 2) nn + 1)

Thus, the interval of convergence for the antiderivative of the power series is
0O<x<2o0rl0,2].

Power Series as Functions:

A power series represents an infinite series and a function with a specific domain.
Consider the geometric series

55 xn—1= 53 x"
n=1 n=0

=1+x+x?2+x3+xt+
where a = 1 and r = x. The interval of convergence, |x| < lor -1 <x <1, determines
the domain of the function, (-1,1). Since we know a formula for the sum of a
convergent geometric series, we can say that

1 _ Z x™ forxin(-1,1).
1-2x n=0

Examples:

1. Convert i

2

<1l o -f83<x<,3
for -/3 < x < 3.

for

So, f(x) =

3-x



2. Find the geometric series represented by f(x) = about a = 0.

_ x _ X - Z,
flx) = 3 3

gz“’: (_2_'1.)":%2”: (-1)"2n Z (-1)" 2"z n+1
X

n=0 3" 3n+1
|

2n n+1

1" _3 3
So, f(x) = E - for -2 <x<?2.

3. Develop a power series for f(x) = centered about a = -2.

6
x + 2

<1l o |x+2]| <86.

So, f(x) = % Yy (x g 2)n where

Hence, the radius of convergence is r = 6 and the interval of convergence is
-8 < x < 4. Thus,

1 v~ (x+2)" ~ (xr +2)"
f(x) = = = = = v =7
2 ngo 2" 3" ngo 2n+13n

for -8 <x < 4.

Operations on Power Series:
Let f(x) = E c,x"™ and g(x) = E d,x™. Then

i  fkx) =Y ck™x™

ii.  fxM =Y cx"™
iii. f(x) +g(x)=Y (c, +d)x"

NOTE: These operations may change the interval of convergence of the power series.



Example: Determine a power series for the function f(x) =

2
x4 -1
By using partial fractions decomposition, we see that

fay -2 1 1

z2-1 l+x 1-2x

From page 3, we know that

1 - n
= x".

l1-x
Substituting -x for x, we see that

1 L .Y (c2r =Y (-1rzm
n=0

1-(-x) 1l+x 2o

Thus,

2.’,C =io(_1)nxn_ ioxn
Y -1 - 1
n=0

- _2x2n+1

The last line coming from the fact that when n is odd the coefficient of x" is -2 and when
n is even the coefficient is 0. Using the Ratio Test, we can show that the interval of
convergence is -1 < x < 1. (Verify this!) The endpoints are not included. (Verify this
also!)

Using Differentiation and Integration to Represent Functions as Power Series:

Examples:

1. Find the series representation for f(x) = Ls centered ata = 0.
(x + 1)

We begin by observing that
ff= fz(x + 1)3dx = -(x + 1)72

and

[[f=[-@=+2%dw=(@~Dt=—

x +1

Now,



1 1 C -
= — _ Y — 1Yt ™
x +1 1 - (_x) ngo ( x) ngo ( ) *

for -1 < x <1 since geometric series.
Next, we take the derivative of the above series twice.

LIy c1ypzt|= Y (-rnatl= Y (-1pPnztl
dx |n=0 n=1 n=0
LY corranl|= Y (-1n(n - Dt
dx n=0

-1)"n(n - 1)x" 2

>«
n=1
>
n=0

The last series converges for -1 < x < 1.
NOTE: There is no need to check the endpoints since before taking derivatives of
the series, the geometric series did not have convergent endpoints.

Find a series representation for arctanx.
We first note that up to a constant

tanlx = f 1

1+ x?

dx.

Now, we know (by geometric series) that

LN TPV I R S
1 +x
for -1 <x < 1. Thus,
1 =1 - x2 + (x2)2 _ (x2)3 i (x2)4 _
1 + x?

=1-x2+2x*-2%+ 8- .

— E (-1)" 2
n=0
The above series converges for |x|* < lor-1<x < 1.
Now, we integrate the above power series to get

& 2n+1
tanlx = C + ) (-1
n=0 2n+1
_Cegp- XL ®
3 5 7

for -1 < x < 1. Substituting x = 0, we find that C = 0. Hence,



- o+ 1
tanlx = Y (-1yrZ
n=0 2n + 1
x3 x5 27
=Xr - — + — - — + ...
3 5) 7

which converges for -1 < x < 1. However, since we integrated a power series, we
must check to see if the new series converges at the endpoints.

i 1y _1\2n+1 i _1\3n+1
Check x = -1: Y (-D*(-1) =Y CD™ which converges by the

n=0 2n + 1 n=0 21 + 1
Alternating Series Test since

lim 1 =0 and 1 < 1 .

n-o 2N + 1 2n + 3 2n + 1

hd _1\n 2n +1 hnd _1\n
Checkx =1: E 1)*) = E (-1) which converges by the Alternating
n=0 2n + 1 n=0 2n + 1

Series Test (see above).
Consequently, we find that

it 1V a2n+1
tanlx = ) C'E™ for -1<2
n=0 2n + 1

1.

IA



Exercises

Using a geometric series, develop a power series centered at a for the following
function. State the domain. (Be sure to check endpoints if applicable.)

o

_ n
(@ f(x) = 2 abouta = 2 Ans: Z M, -l<x <5
o - n=0 3n+1
1 - 2n -2
(b) f(x) = ————— abouta =0 Ans: E nx , - 1l<x<l1
(1 - xz)z n=0
hd 1Y 21+ 2
(¢©) f(x) =1n(x? + 1)abouta =0 Ans: Y, (l)—xl, “l<xx<1
n=0 n +

@ fa@ =2"Labouta=0  Ans: ¥ @+ DC-1ra, -lsax<l
x® + 1 n=0

gNT: £+ 1

x3 +1 x3+1 x3+1

Convert the following power series to functional notation. State the domain. (Be
sure to check endpoints if applicable.)

@@ Y x"+! Ans: f(x)= —%X  -1<zx<1
n=0 1 -

®) Y -n(-x)? Ans: f(:)c)=_—1, -l<x <1
n=1 (1 + x)?

© Y 21 pon-1 Ans: f(x)=6—x, -1y3 <x <3
n=1 3" (3 - x2)y
® n+1

@ ¥ :f . Ans: f(x) = -In|l-=z|, -l<x<1
n=0 +
had (_1)nx2n+1 . B

e Yy ~—F= Ans: f(x) = arctanx, -1<x <1
n=0 2n+1
had _1\n _ n+1

@ Yy cUd-=z Ans: f(x)=1n|2 - x|, 0 <x <2

n + 1

3
I
o



