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11 Area of a Surface of Revolution

1.1/=lnx '* ds=VI+(dy/dx)2dx=VI+(I/x)2dx ~ S=h32-r(lnx)VI+(I/x)2dx [by(7)]

2. 1/ = sin2 X '* ds = VI + (dy/dx)2 dx = VI + (2sinxcosX)2 dx ~

S = I;/221\"sin2xvl + (2sinxcosx)2dx [by (7)]

l1/=secx ~ ds= VI + (dy/dx)2dx = VI + (secxtanx)2dx ~

S = Jow/421\"x VI + (secxtanx)2 dx [by (8)]

4.1/=ez ~ ds=vl+(dy/dx)2dx=';I+e2zdx ~ S=Ioln221\"x';I+e2zdx [by (8)] or

ft2 2-r(lny) v'!-;-W;;)i dy [by (6)]

5. 1/ = x3 ~ y' = 3:z:2. So

S = J: 21\"Y /l-;Wt dx = 21\" I02 x3./f+9X4 dx [v = 1 + 9X4, dv = 36X3 dx]

= ~ I:45 .jUdv = Ii [iV3/2]:45 = I7(I45./i'45 -1)

&. The curve 9x = y2 + 18 is symmetric about the x-axis, so we only use its top half, given by

c--"n 3 9y = 3 vX - 2. dy/dx = c--"n' so 1 + (dy/dx)2 = 1 + ( ) . Thus,
2vx-2 4x-2

.
16 /,. 9 16 1- n. 9 16 12~ 2 27r'3v'X"""=-2V1+4c;~dx=67r 2 Vx-2+~dx=67r 2 (X+i) / dx

= 67r' ~ [(X + i)3/2]: = 47r[ (¥)3/2 - (£)3/2] = 47r( ~ - ¥) = 47r. 2f = 4971"

)

.at

ith

1 + (dy/dx)2 = 1 + [1/(2.;"X)f = 1 + 1/(4:1:). So1. y= v'X ~

"=J4 ~1I"YV1-t-~~) ax=J4 ;t1l"y'XVJ.+~ax=:t1l" J4 yX+idx

= 211"[ ~ (x + ~)3/2]: = ~ [i(4x + 1)3/2]: = ~ (37./37 - 17v'fi)

ty=oos2x => ds=Vl+(dyfdx)2dx=Vl+(-2sin2x)2dx =>

S = Jow /6211" OOS 2x VI + 4 sin2 2x dx = 27f Jo./3 ./f+"U'i (~ du) [u = 2 sin 2x, du = 4 OOS 2x dx ]

~ i[!u./f+"U'i +! In(u+ ./f+"U'i)];S = i [~. 2+! In(v'3+2)] = ~ + i In(2+ v'3)
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:1;3 1 dy r 110. y = ""6"" +:2; * "d; = 2" - 2;2

= 271" h/2'~ Ii + ~ + T ) dx = 271" l ~ + ~ - T J 1/2

- 2_ [(.1.+ 1 - 1) - (-1- + .1. - 1)] - 2-(~ ) - ~-- n 72 6 8 64.72 24 2 - n 512 - 256 n

11. x = l(y2 + 2)3/2 =? dxjdy = 4(y2 + 2)1/2 (2y) = Y Jy2=i=2 =?

1 + (dxjdy? = 1 + y2(y2 + 2) = (y2 + 1)2. So

S= 271" f:y(y2 + l)dy = 271"[ty4 + 4y2]~ = 271"(4+2- ~ -!) = ~

12. x = 1 + 2~ ~ 1 + (dx/dy)2 = 1 + (4y)2 = 1 + 16y2. So

14. Y = 1- Z2 =>- 1 + (dyjdx)2 = 1 + 4.1:2

15. x = Ja2"=-y2 "*

1 + (dx/dy)2 = 1 +

9. y = cosh x =* 1 + (dy/dx)2 = 1 + sinh2 x = C~2 X. So

S= 211" I;coshxcoshxdx = 211" Io1l(1 + cosh2x)dx = 11" [x + !sinh2x]~

=1T(1+~sinh2) or 1T[1+~(e2-e-2)]

~

J~~1~-~~4 1 1
V(X2 1 )2 X2 1 '1 + '-'--'-'-\?

(dyJdx)2 = - + - + - = - + - = - + - =>V J. T \UY/u;I;j- 4 2 4:1:4 2 2%2 2 2%2

11 (X3 1 )(X2 1 ) 11 (X5 X X 1 )5'= 211" -+- -+- dx=211" -+-+-+- dx
1/2 6 2% 2 2:1:2 1/2 12 12 4 4z3
11 (X5 X x-3 ) [ x6 X2 X-2 1 1

=211" -+-+- dx = 211" -+---
1/2 12 3 4 72 6 8 .",

8=

~)+

S = 211" J12 y';l + 16y2 dy = -& J: (1~ + 1) 1/2 32ydy = -& [~(16y2 + 1)3/2]:

= f4(65~-17v'i7)

8=211" h2x yl + (dx/dy)2dy = 211" J:y3J1+"'9Y4dy = ~ h2 ./i""+-gy.-36y3dy

- W" [:l (-18 3" 1+9y4)3/1: = .:,. ( 145 Vi45 - 10 ~)

=>

S = 211"f; xvI + 4x2dx = i fOl8xv'4x2 + Idx = i [~(4x2 + I)3fJ]: = ~(5v'5-1)

dx/dy = !(a2 - y2)-1/2(-2y) = -y/#-=-Y2 =>

~ a2 - ~ y2 a2
=+=a2 - y2 a2 - y2 a2 - y2 a2 - y2

14/2 a 14/2 S = 27r ~~ dy = 27r ady = 27ra[y] 4/2 = 27ra(~ - 0) = 7ra2.Note that this0 Va2 - y2 0 0 2



~ the surface area of a sphere of radius a, and tIx: length of tIx: interval y = 0 to Y = a/2 is * tIx: length of tIx:

interval y = -a to y = a.

% = acmh(y/a) ~ 1 + (dx/dy)2 = 1 + sinh2(y/a) = cosh2(y/~). So

8=2'K i:a~h(~) CO8h(~) dy = 4'Ka l~c~h:l(~) dy = 2'Ka 1-l1 +00

=2'Ka[y + ~ sinh(~) J: = 27ra[a+ ~ sinh 2] = 2'Ka:l[1 + ~ sinh 2] or ~

17. y = Inx => dy/dx = l/x => 1 + (dy/dx):I = 1 + l/x:l => S = h3 2'K In x

Let I(x) = Inx -/1 + 1/x'J. Since n = 10, Ax = ~ = !. Then

S ~ 810 = 2'K . ¥ [/(1) + 4/(1.2) + 2/(1.4) + ... + 2/(2.6) + 4/(2.8) + /(3») ~

The value oftbe integral pnxJuced by a calculator is 9.024262 (to six decimal places).

18. y = x +.fX => dy/dx = 1 + ~X-l/2 => 1 + (dy/dx):I = 2 + X-l/:1 + ~X-l

a(X)Sh(~) CO8h(~) dy = 47fa 10-

r I') l~L ~ /')-'-- ~ -'-- ~s= h 2'K(x+..[i) y2+ ~ + 4; ax. Letf(x) = (x+ .jX)V2+ ~ + 4;'

Smce' n - 10 A - - 2 -1 - 1 Then- . ~ - ~ - W'

S ~ S10 = 211" . ~ [/(1) + 4/(1.1) + 2/(1.2) + .. . + 2/(1.8) + 4/(1.9) + /(2)] ~ 29.506566.

1k value of the integral produCeAJ by a calculator is 29.506568 (to six decimal places).

y=~x ~ dyjdx=secxtanx ~ 1+(dyjdx)2=I+sec2xtan2x ~

S = f:/3 211"secx";l + sec2 xtan2 xdx. ~ /(x) = secx vI + sec2 xtao2 x.

. 11"/3-0 11"SIIk:e n = 10, 6.x = 10 = 30' Then

S~SlO = 211"' ~ [/(0) +4f(~) +2/(~) + ... +2/(~) +4/(~) +/(j)] ~ 13.527296.

The value of the integral prOOuced by a

t1 I e.
tJ = (1 + eZ )1/2 ~ J = - (1 + e~ )-1/2 . ez =. dx 2 2(1 + ez)1/2

(d )2 e2z 4 + 4ez + ek (eZ + 2)2
1 + ~ = 1 + 4(1 + ez) = 4(1 + ez) = 4(1 + ez) ~

y = (1 + e~)1/2 ~

1 1 eZ + 2 1 1 1
s= 2w..;f+-e:; /i-;-=;;"dx = 'K (eZ +2)dx = 'K [eZ +2x]0 = 1t:((e+2) - (1 +0)] = 'K(e+ 1).

0 2vl+ez 0

Let /(x) = i(eZ + 2). Sioce n = 10, Ax = ~ == ~. Then

S ~ S~o = 2'K . ~ (/(0) + 4/(0.1) + 2/(0.2) +... + 2/(0.8) + 4/(0.9) + /(1)] ~ 11.681330.

Th: value of the integral produced by a calculator is 11.681327 (to six decimal places).
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COSh2(~) dy = 27ra Lv II +~h(~) J dy

s = fx3 211" Inx";l + 1/z2 dx.

9.023754.

is 13.516987 (to six decimal places).


