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36. S4n-l = Co + CIX + C2X2 + C3X3 + CoX4 + CIX5 + C2X6 + C3X7 + ... + C3X4n-l

= (Co +CIX+ C2X2 +C3x3) (1 +'x4 +X8 +... + x4n-4) -. Co +CIX +C2X42 +C3X3 asn -. 00

I-x

[by (12.2.4) with r = X4) for Ix41 < 1 {:} Ixi < 1. Also S4n, S4n+l,S4n+2 have the same limits (for example,

S4n = S4n-l + Cox4nand x4n -+ 0 for Ixi < 1). So if at least one of Co, Cl, C2, and C3 is nonzero, then the interval

of convergence is (-1,1) .and f(x) = co + CIX + C2X2 + C3X3
1-x4 .

37. We use the Root Test on the series E Cnxn. We need lim
n-+a>

convergence, or Ixl < l/c, so R = l/c.

38. Suppose Cn :;.I: O. Applying the Ratio Test to the series E Cn(x - a)n, we find that

lim I Cn+l(X - a)n+l l = lim ~(*) = Ix - al (if
n--+~ Cn(x - a)n n--+~ ICn/Cn+ll lim ICn/Cn+ll

n--+~
Urn I ~ I =

n-a> an
L=

lim 1c../c..+ll,£ 0), so the series converges when
n IXI - /al I < 1 n-+CX) m c.. c..+l

n-+CX)

lim I ~ I . If 1im I ~ I = 0 and Ix - al ~ 0, then (*) shows that L = 00 and so the series diverges,
n-oCXJ Cn+l n-oCXJ Cn+l

Thus, in all cases, R =

39. For 2 < x < 3,)::: Cnxn diverges and)::: dnxn converges. By Exercise 12.2.61, ):::(Cn + dn) xn diverges. Since

both series converge for Ix! < 2, the radius of convergence of ):::(Cn + dn) xn is 2.

40. Since)::: Cnxn converges whenever Ixl < R, )::: Cnx2n = )::: Cn (X2) n converges whenever I x21 < R <=>

Ixl < yfji, so the second series has radius of convergence VR.

12.9 Representations of Functions as Power Series -

~ ~

1. If f(x) = }::: Cnxn has radius of convergence 10, then f(x) = }::: nc.,xn-l also has radius of convergence 10
n=O n=l

by Theorem 2.

~ ~ b
2. Iff(x) = }::: bnxn converges on (-2,2), then If(x)dx = C+ }::: ~xn+l has the same radius of

n=O n=on+1
convergence (by Theorem 2), but may not have the same interval of convergence-it may happen that the integrated

series converges at an endpoint (or both endpoints).

3. Our goal is to write the function in the form -.!-.-, and then use Equation (1) to represent the function as a sum of a

1-r
. 1 1 ~ ~ -I

powersenes.f(x)=-= ( ) = }:::(_x)n= }:::(-1)nxnwithl-xl<1 *> Ixl<l,soR-1 + x 1 - -x n=O n=O

of Functions

andI= (-1,1).

34. f(x)=~

IX41 < 1 ~

converges, so the

5. Replacing x witt

~ Ixl3 < 1 '\I~= Ixllim ~=clxl < 1 for
n-+CX)

1 -7. f(x) = ~ -

Ix-al<n~I~I. I ~ I < 1; that is,.Thus,<=>

x8. f(x) = 4;+i ,

that is, when Ix!

x9. f(x) = 9+-:;;2 :

Ii I Cn In-+~ ~ .

00 X
- ~ L(-l)n(

-9n=o .

1-(~)21<1

x210. f(x) = -;;3 - X3Seriesas Power

Ix3/a31 < 1 <=

311. f (x) =
x2+X-

get A = -1. Tak

3
;;2 + x -:

We represented th

second converges
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7x - 1 7x - 1 A B 1 2 1 1
12. f (x) = 3X2 + 2x - 1 = (3x- 1) (x + 1) = 3;-=-i + m = 3;-=-i + m = 2. 1 - (-x) - ~

= 2E:'=o (-x)n - E:'=o (3x)n = E:'=o [2 (-l)n - 3n]xn

The series E (-x)n converges for x E (-1,1) and the series ~ (3x)" converges for x E t -it i). so their sum

converges for x E (-1,1) = I.

13. (a) f(x) = ---~ = -dd (~ )= --dxd [ ~(-1)nxn ] [from Exercise 3]
(1+x) x 1+x ~
OX) OX)~ ~

= L(-l)n+lnxn-l [from Theorem 2(i)] = L(-l)n(n + l)xn with R = 1.
n=l n=O

In the last step, note that we decreased the initial value of the summation variable n by 1, and then increased

each occurrenceofn in the term by 1 [also note that (-1)n+2 = (-l)n].

(b) f(x) = -~ = -- 21 ~ [( 1 2] = --21 ~ [E (-I)n(n + l)xn] [from part (a)](1 + x) U;L; 1 + x) U;L; n=O

00 00

=:= -~ ):(-l)n(n+ l)nxn-l = ~ ):(-I)n(n+2)(n+ l)xn with R= 1.
n=1 n=O

2 00

(c) f(x) = ~ =X2. ~ =X2. ~~(-I)n(n+2)(n+l)Xn [frompart(b)]

00

= ~ ):( -1)n(n + 2)(n + 1)xn+2. To write the power series with xn rather than xn+2,
n=O

we will decrease each occurrence of n in the teml by 2 and increase the initial value of the summation variable
00

by 2. This gives us ~ ):(-I)n(n)(n -1)xn.
n=2

14. (a) -1 1 = 1 1( ) = E (-I)nxn [geometric series with R = 1]. so+x - -x n=O

J dX J[ 00 ] 00 xn+l
f(x)=ln(l+x)= -= }:::;(-I)nxn dX=C+}:::;(-I)n-

1 + x n=O n=O n + 1

(_l)n-lXn [C = 0 since 1(0) = In 1 = 0]. with R = 1
n

CX)

=E
n=l'-'.I ,-/ --,- ,-/ - L L..- J '-.I y--'-I" - '"" - '""

n=l n n=l n n=2 n - 1

with R = 1.
~ ( 1)n-l( 2)n ~ ( 1)n-l 2n(c) f(x) = In(X2 + 1) = L - n x [by part (a)] = L -=---;;-=-- with R = 1.

n=l n=l

1 dx 1 1 dx ;. f(x) = In(5 - x) = - - = --

5 - x 5 1 - x/5

1 1 [ ~ (x)n ] 1 ~ xn+l ~ xn=-- }::; - dx=C--}::;=C-}::;-
5 n=O 5 5 n=O 5n(n + 1) n=l n5n

Putting x = 0, we get C = ln5. The series converges for Ix/51 < 1 {:} Ixl < 5, so R = 5.

(b)!(x)=xln(l+x)=x l }:::; \ ~J ~
Jn=l n

with R = I.
withR~ 1.

16. We kno~

f(x) = .
(

with R =

1
17.-=

2-x

1

(;4

f(x) = -
(:I

I=(-2,~

18. From Exan

f(x) = arc

so R = 3.

19. f(x) = In(:

=C-+

=ln3

The terms of

(X)

E
n=l

[by part (a)] =

Ixl < 5, so R = 5. As n increases,



1 00 2 00 00

16. Weknowthat- 1 2 = L:: (2x)n. Differentiating, we get 2 = L:: 2nnxn-l = L:: 2n+l(n+1)xn,so- X n=O (1 - 2x) n=l n=O

x2 X2 2 X2 00 00 00
f(x) = 2 = - . 2 = _2 L:: 2n+l(n + 1)xn = L:: 2n(n + 1)xn+2 or L:: 2n-2(n - 1)xn,

(1 - 2x) 2 (1 - 2x) n=O n=O n=2

1
- 3x

.urn

with R = 1
2.

17. ~ = 1 - ! (X) (~)n - (X) 1 n
I X

I2 - X 2(1 - x/2) - 2 n~o 2 - n~o ~x for "2 < 1 ~ Ixl < 2. Now

1 = ~ (~ )= ~ (00 ~ n) - (X) -!!:- n-l - (X) n+ 1 n
(x - 2)2 dx 2 - x dx n~o 2n+l x - n~l 2n+l x - n~o ~x . SO

X3 (X) + 1 (X) 1f(x)- - 3~n n ~n+ n+3 ~n-2- (x - 2)2 - X L:;: ~x = L... -2n+2 x or L... -2n-l xn for Ix! < 2. Thus, R = 2 and
n-O n=O n=3

red

1=(-2,2).

cx:> x2n+l
18. From Example 7, g(x) = arctanx = L (-1)n- 2 + l ' Thus,

n=O n

cx:> (/3)2n+l cx:> 1
I x

If(x) = arctan(x/3) = n~0(-1)n-;;;:+1 = n~0(-1)n32n+l(2n + 1)x2n+l for 3 < 1 .

so R = 3,

/ dx 1/ dx 1 / dx 1 / cx:> ( X ) n
19. f(x) = In(3+x) = m = 3" ~ = 3" 1- (-x/3) = 3" n~o -3 dx

= C +! f: -1=.!r.-xn+l = ln3 +! f: i~xn [C = f(O) = ln3]

3 n=O (n + 1)3n 3 n=1 n3n-l
cx:> (_1)n-l ,

= ln3 +~ xn, The senes converges when l-x/31 < 1 {:> Ixl < 3, so R = 3.L-, n3n
n=1

X X2 x3 x4 Xs
The terms of the series are ao = ln3, al = 3' a2 = -"is' a3 = 81' a4 = -324' as = 'i2:15"'..

riable

As n increases, Sn (x) approximates f better on the interval of convergence, which is ( -3,3).
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CX) X2"+1

E (-1)"-. Thus,
,,=0 2n+1

E (-l)n~~ = E (-l)n 1 x2n+l for
I ~ I < 1

n=O 2n + 1 n=O 32n+l(2n + 1) 3
{:} Ixl < 3,

-
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1 1 ( 'I ) 1 ( 1 ) l(X) ( X~ ) 1 (X) ( : 20. /(X) = ~ = 25 1 +x2/25 = 25 1- (-x2/25) = 25 fo -25 = 25 n~o(-I)n ;

- ft --
x2<25 Ix! < 5, so R = 5. The terms of tile sThe series converges when l-x2/251 < 1

1 X2 X4
ao = 25,al = -625,a2 = 15:625'

<::}<=>

As n increases, Sn(X) approximates f better on the interval of convergence, which is (-5,5).

(l+X ) / dx / dx 21. f(x) = In 1=-x- = In(l + x) -In(l - x) = m + 1=-x-

=/~+/~ =/ [n~o(-l)nxn+n~oxn] dx

= / [(1 - x + X2 - x3 + X4 - ...) + (1 + x + x2 + X3 + X4 + ...)] dx

/ / ~ ~ 2x2n+l= (2+2x2 +2X4 +...)dx = E 2x2ndx= C+ E -
n=O n=O 2n + 1

~ 2x2n+l
But f(O) = In t = 0, so C = 0 and we have f(x) = E -2 with R = -1. If x = :1:1, tI

n=O n+1

f (x) = :1:2 f _2 1
1, which both diverge by the Limit Comparison Test with bn = .!.

n=O n+ n

-j -4
- - 2

As n increases, Sn(X) approximates f better on the interval of convergence, which is (-1,1).



22. f(x) = tan-l (2x) = 2 / ~ = 2/..

00 (-1)n4nx~n 00 (-1)n2~n""x.n 1
= C + 2 E 2 1 = E 2 1 [/(0) = tan- 0 = 0, so C = 0].

n=O n+ n=O n+
00 1

The series converges when 14x21 < 1 {:} Ixl < ~,so R = ~. If x = :!:~, then /(x) = E (-1)n-
2 l and

n=O n +

: are

E (_l)n+l~, respectively. Both series converge by the Alternating Series Test.
n=O 2n+l

/(x) =

As n increases, Sn (x) approximates f better on the interval of

t 1 ~ ~ / t ~ t8n+2 1
23. ~=t'- 1 8 =t~(t8)n=~t8n+l => _1 8dt=C+~- 8 2 ' Theseriesfor--g1 - ,;- - t L., L., - t L., n + 1 - t

n=O n=O n=O

converges when It81 < 1 {:} It! < 1, so R = 1 for that series and also the series for t/(1- t8), By Theorem

2, the series for / ~ dt also has R = 1.
1-t

~ tn In(1 - t) ~ tn-1
24, By Example 6, In(1 - t) = - ~ - for It! < 1, so = - ~ - and

L.,n t L., n
n=l n=1

/~dt=C-

25. By Example 7, tan-l x =

-1

( X3 X5 X7 ) X3 X5 X7 00 n+1 X2n+1

x-tan X=X- x-3+5-7+000 =3-5+7-000=;<-1) ~

d x - tan-1 x Loo < 1)n+1 x2n-2
an= - -so

X3 2n+1'
n=1

J -1 (X) 2n-1 (X) X2n-lX -tan Xdx = C+~(_1)n+1 x = C+~(_1)n+1_. ByTheorem2,R= 1.
x3 ~ (2n + 1)(2n - 1) ~ 4n2 - 1

SECTION 12.9 REPRESENTATIONS OF FUNCTIONS AS POWER SERIES 0 977

00 1 00

"~O(-l)" (4X2)" dx = 2 "~O(-1)"4"x2ndx

00 tn

L ;;:2.
n=l

By Theorem 2, R = 1.

(XI X2n+l

E(-1)n~ with R = 1, so
n=O n+


