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or 38. Use the Limit Comparison Test with a" = \f2 - 1 and b" = l/n. Then lim ~b = lim ~- / - 1
"-00" "-00 1 n

21/"-1 H 21/".ln2.(-I/X2)= lim / = lim / 2 = lim (21/" .ln2) = l.ln2 = ln2 > O. So since 2::00-1 b""-00 1 x "-00 -1 x "-00 ,,-

diverges (harmonic series), so does 2::':=1 ( \f2 - 1).
i

Alternate Solution: !.
;

\f2 - 1 = ( 1)/ ( 2)/ 1( 3)/ 1/ [rationalize the numerator] > _21 ,
2 ,,- "+ 2 ,,- " + 2 ,,- " + . . . + 2 "+ 1 - n

: 00.

and since f: -!-. = ! f: ! diverges (harmonic series), so does f: (\f2 - 1) by the Compariso~ Test.
"=1 2n 2 ,,=1 n ,,=1

12.8 Power Series

1. A power series is a series of the form 2::':=0 Cnx" = Co + C1X + C2X2 + C3x3 + . . . , where x is a variable and the

Cn's are constants called the coefficients of the series.

~sby More generally, a series of the form 2::':=oCn(x - a)" = Co + Cl(X - a) + C2(X - a)2 +... is called a power

series in (x - a) or a power series centered at a or a power series about a, where a is a constant.

2. (a) Given the power series 2:::':=0 Cn(x - a)", the radius of convergence is:

(i) 0 if the series converges only when x = a
(ii) 00 if the series converges for all x, or

(iii) a positive number R such that the series converges if Ix - al < R and diverges if Ix - al > R.

In most cases, R can be found by using the Ratio Test.

(b) The interval of convergence of a power series is the interval that consists of all values of x for which the series

converges. Corresponding to the cases in part (a), the interval of convergence is: (i) the single point {a}, (ii) all

real numbers; that is, the real number line (-00,00), or (iii) an interval with endpoints a - R and a + R which

can contain neither, either, or both of the endpoints. In this case, we must test the series for convergence at each

endpoint to determine the interval of convergence.

" I I I ,,+1 1:::1 I 1 I Ix . a,,+l . x yn. x . x
3. Ifa" = -,then 11m - = 11m. - = lim = 11m = x.~ "-00 an "-00 vn+I X "-00 vn+I/~ "-00 ~ I I

for V .. T ../1.

00 "

By the Ratio Test, the series ~ ~ converges when Ixl < 1, so the radius of convergence R = 1. Now we'll

check the endpoints, that is, x = :i:l. When x = 1, the series f ~ diverges because it is a p-series with
"=1 Y'.

00
P = ~ ::; 1. When x = -1, the series ~ ~ converges by the Alternating Series Test. Thus, the interval of

Test.
convergence is 1= [-1,1).
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4.Ifa..=~,then lim I ~ I = lim 1 ~ 2 .~ 1 = lim l Ij lx( l
l) =lxl.BytheRatioTest,

n+ 1 ,,-~ a" ,,-~ n+ x" ,,-+~ + n+

(-l)nxn converges when Ixl < 1, so R = 1. When x = -1, the series
n+1

00

the series }::::
n=O

hannonic series; when x = 1, it is the alternating hannonic series, which converges by the Alternating Series Test

Thus, I = (-1,1].
( 1)"-1 " I I I ( I) " "+1 3 I I ( 1) 3 \5.Ifa,,=- x,thenlim~=lim - x. n=lim -xn

n3 "-+00 a" "-+00 (n+ 1)3 (-l)"-lX" "-+00 (n+ 1)3

[( )3 ] 00 ( l)n-l n
= n~ ~ Ixl = 13 .Ixl = Ixl. By the Ratio Test, the series ~ -=-~~ converges when Ixl < 1,

so the radius of convergence R = 1. Now we'll check the endpoints, that is, x = :%:1. When x = 1, the series
CX> (_l)n-lL 3 converges by the Alternating Series Test. When x = -1, the series

nn=1
(X) (_l)n-l(-l)n (X) 1

L n3. = - L -;;:3 converges because it is a constant multiple of a convergent
n=l n=l
Thus, the interval of convergence is I = [-1,1].

lim I~ I = lim vIri"+1lxln+l =
n-+~ an n-+~ J1i Ixln

6. an = .jnxn, so we need

(by the Ratio Test), so R = 1. When x = :1:1, lim lanl =
n-+CX)

Divergence. Thus, I = (-1,1).

7.Ifa,.=~ ,.then lim I ~ I = lim
I( X"+11

), .~ I = lim 1 -=-
1 =IXllim ~=lxl.O=O<lfor

n. "-+IX) a,. "-+IX) n + . x" "-+IX) n + 1 "-+IX) n + 1

all real x. So, by the Ratio Test, R = 00, and I = (-00, 00).

If an = n n X n then lim \IrQ:;i =
n-~

8. Here the Root Test is easier.

1= {O}.

9. lim I~ I = lim ~
n--+(X) an n--+(X)

(n + 1) 4n+llxln+l
n4n Ixln

the Ratio Test, R = ~. When x = ~, we get the divergent series )::';:=1 (-l)Tl.n, and when x = -~, we get the

divergent series L:::'=l n. Thus, I = (- ~, ~).

n
I I I n+l n3 n l I I I I 1:!l1x ." an+l . x . xn x. n x

10. If an = -, then 11m - = Jim. - = Jim = - 11m - = .
n3n n-cx:> an n-cx:> (n + 1)3n+l xn n--+cx:> (n + 1)3 3 n--+cx:> n + 1 3

By the Ratio Test, the series converges when ~ < 1 ~ Ixl < 3, so R = 3. When x = -3, the series is the

alternating hamlonic series, which converges by the Alternating Series Test. When x = 3, it is the hamlonic series,

which diverges. Thus, I = [-3,3).

(-2)nxn I an I 2n+llxln+l {.In ~11. an = 41::: ' SO lim :!:! = lim 4~ . _ I I n = lim 2\xl 4 -!!:.-- = 21xl, SO by the

v n n-cx:> an n--+cx:> V n + 1 2n x n--+cx:> n + 1

Ratio Test, the series converges when 21xl < 1 ~ Ixl < ~,so R = ~. When x = -~, we get the divergent

(

p-series ~
11

Series Te~because it is thediverges

x'12. an = sn;

the series

which con

Thus, I =

13. If an = (
(p = 3 > 1).

lim I ~
n--+(X) aT

By the Ral
Jim Q Ixl = Ix! < 1 for convergencen-ooo V J. -r- ;:;:

00

L(-l)"
n=2

lim .fii = 00, SO the series
n-<x>

by the Test fordiverges

divergent t

(X)

L(-l)n
n=2

Jim nix! = 00 if x # 0, so R = 0 and
n--+~

14. an = (-1

Ratio Test,Jim (1 + .!)41xl = 41xl. Now 41xl < 1 #
n-oo n Ix! < ~. so by

15. Ifan = ~

the Ratio 1

When x =
series beco

16. If an = n3

Ratio Test,

the series b
,,"",(x) 3L..n=o n .



00 1 00 (-l)n
p-series ~ ~ (p = ~ ~ 1). When x = !' we get the series ~ ~' which converges by the Alternating.Test,

the

Test

Series Test. Thus, 1= (-!,!].

xn I an I I Xn+l 5nn5
1 Ixi( n )5 12. an = -, so lim -:!:!. = lim . - = lim - -

5nn5 n-oo an n-oo 5n+1 (n + 1)5 xn n-oo 5 n + 1
(X) (-l)n

the series converges when Ixl /5 < 1 # Ix! < 5, so R = 5. When x = -5, we get the series E -;:;:S-'
. n=1

which converges by the Alternating Series Test. When x = 5, we get the convergent p-series f ~ (p = 5 > 1).
n=1

Thus, 1= [-5,5].

cl < 1,

)

xn13. If an = (-l )n- then4n In n '

lim I ~ I = lim I xn+l. ~ I - El. Inn lxi, ., Ixl
n-+(X) an n-+(X) 4n+lIn(n + 1) xn - 4 n~~ In(n + 1) = 4 . 1 (by I Hospital s Rule) = 4.

: > 1).

By the Ratio Test, the series converges when ~ < 1 {:} Ixl < 4, so R = 4. When x = -4,

~ xn ~ [(-1)(-4)]n ~ 1 1 1 ~ 1

L(-1)n- 4n l =L 4 In =~- l .SinceInn<nforn?;2'- 1 >-and~-isthe nn n n L.. nn nn n L.. n
n=2 n=2 n=2 n=2

~

divergent hannonic series (without the n = 1 term), L ~ is divergent by the Comparison Test. When x = 4,
n=2 In n

~ n ~

L(-l)nk = L(-l)n~, which converges by the Alternating Series Test. Thus, I = (-4,4].
n=2 n=2

;ence

t for

< 1 for

n X2n . I an+ll . Ix12n+2 (2n)! - . Ixl214. an = (-1) ~' so nl~ -a:- = nl~~ (2n + 2)! . j;j2n - n~ (2n + 1)(2n + 2)

Ratio Test, the series converges for all real x and we have R = 00 and I = (-00, 00).so by

the
I Un+l l . I yn -t- J.IX - J. 15. If an = .;ii (x - l)n, then lim - = 11m 1:;-

1 11n--(X) an n-+(X) V n x -

the Ratio Test, the series converges when Ix - 11 < 1 [so R = 1]

When x = 0, the series becomes }::; ~=o ( -1) n .;ii, which diverges

series becomes }::;~o .;n, which also diverges by the Test for Div!

Ixl

3'

series,
Ifan=n3(x-5)n, lim I ~ I = lim

l (n+~)
(3(x- )5)n+l l = lim (1+.! ) 3!X-51=IX-51.BYthe

n-oo an n-oo n x - 5 n n-oo n

Ratio Test, the series converges when Ix - 51 < 1 {:} -1 < x - 5 < 1 {:} 4 < x < 6. When x = 4,

the series becomes L~o( -1)nn3, which diverges by the Test for Divergence. When x = 6, the series becomes

L':=o n3, which also diverges by the Test for Divergence. Thus, R = 1 and 1= (4,6).

16. Ifa,,=n3(x-5)", lim I~ I = lim
"--+00 a" "--+00

:gent
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= ~. By the Ratio Test,
5

= O. Thus, by the

.
1 vn+1IX-ll"+l l = lim QIX-ll=lx-11.BY

;~ vn Ix - II" "--+00 V 1. T ;;:lim I ~ I =
n-+~ an

~ -1 < x-I < 1 ~ 0 < x < 2.

by the Test for Divergence. When x = 2, the

by the Test for Divergence. Thus, I = (0,2).



(x + 2)n17. If a.. = (-I)n 2 ' thenn n

0 I a..+l I . [ Ix + 2ln+l n2n ] . n Ix + 21 Ix + 21 .11m - = llID ( )2 +1 0 1 21 n = llID _ 1 0 - 2 = - 2 0 By the Ratio Test, the
n~oo an n~oo n + 1 n X + n~oo n +

series converges when ~ < 1 <=> Ix + 21 < 2 [so R = 2] <=> -2 < x + 2 < 2 <=> -4 < x < o.

When x = -4, the series becomes f: (-1)n1=- 22ln = f: -3-2nn = f: .!., which is the divergent harmonic series.
n=1 n n=1 n n=1 n

When x = 0, the series is f: !-=!L, the alternating harmonic series, which converges by the Alternating Series
n=1 n

Test. Thus, I = (-4,0].

18. If an = ~(x + 3)n, then

Jim I ~ I = lim 1 (-2)n+l(x+3)n+1. ~ I = lim 21x+31 =2Ix+31 < 1 {:;.

n--+(X) an n--+(X) In+1 (-2)n(x + 3)n n--+(X) Ji+"i7"1i:

Ix + 31 < ~ (so R =~] {;} -~ < x < -~. When x = -~, the series becomes f: ~,which diverges
n=l yn

~ / .,n
because it is a p-series with p = ~ :$ 1. When x = -!, the series becomes E l=.;¥--, which converges by the

n=l yn
.,. ..n.~.- r/7'"
Alternating Series Test. Thus, I = (-~, -~].

(x-2)n n~ Ix-2119. If an = ,then lim viani = lim -
nn n-+oo n-+oo n

R= 00 and I = (-00,00).

I I I ( )n+l n
I20 lim ~ = lim 3x-2. n3-. n-+oo an n-+oo (n + 1) 3n+l (3x - 2)n -

\/ia:I = Urn k=-31 = 0, so the series converges for all x (by the Root Test).
n-+(X) n

the Ratio Test, the series converges when Ix - ~I < 1 {:} -~ < x < !. R = 1. When x = -~, the series is

~ (-1)n th I . h . . Wh 5 h . be . h .L., -, e convergent a temanng annomc senes. en x = :1' t e senes comes the dIvergent annomc
n=I n

series. Thus, I = [-~, ~).

n21. an = ~(x - a)n, where b > O.

lim I ~ I = lim (n+l)lx-aln+l. ---~-n = lim (1+ 1)~ =~.
n-~ an n-~ bn+l nix - al n-~ n b b

By the Ratio Test, the s~ries converges when Y < 1 # Ix - al < b [so R = b] #

-b < x - a < b # a - b < x < a + b. When Ix - al = b, lim lanl = lim n = 00, so the series diverges.
n-~ n-~

Thus, I = (a - b,a+b).

n(x - 4)n
22.an= 3 ,so

n +1

lim I ~ I = lim (n+l)lx-4In+l. n3+1= lim ( 1+.! ) n3+1 x-41=lx-41.

n-~ an n-~ (n+l)3+1' nlx-4ln n-~ n n3+3n2+3n+2 I

By the R

When Ix

,",,(x) 1
L..n=l ~

23. If an = 1:

asn-+o

24. an = 2:":-

I'
I an- 1m -

n-+(X) ~

converges

lim I ~
n--+~ an

series cony

25.

R=!
WI4.

X = 0, the 1

26. If an = 1=

lim ( ~. 1
) =~=lx-il,SObYn-CXI 3 1 + l/n 3 convergence

and when x

x27. Ifa.. = ~
Root Test.

2.,28. Ifa,. = N

R = 1. If x

the correspon

/=(-1,1).

29. (a) We are gi\

at least -~

(b) It does not

convergenc

divergent hannonic
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By the Ratio Test, the series converges when Ix - 41 < 1 [so R = 1] # -1 < x - 4 < 1 # 3 < x < 5.

When Ix - 41 = 1, ~ Ian I = ~ ~, which converges by comparison with the convergent p-series
L-, L-,n +1
n=l n=l

~:=1 ~ (p = 2 > 1). Thus, I = [3,5].

23. If an = n!(2x - l)n, then lim I ~ I =
n-.oo anseries.

as n -t 00 for all x # ~. Since the series diverges for all x # !. R = 0 and I = {!}.
ries

n2Xn n2Xn nxn
24. a = = - = ) " son 2.4.6.."..(2n) 2nn! 2n(n-l.

lim I ~ I = lim (n + 1) Ixln+l. ~1~-=n!2! = lim ~~ = o. Thus, by the Ratio Test, the series

n-+~ an n-+~ 2n+ln! n Ixl n-+~ n 2

converges for all real x and we have R = 00 and 1= (-00,00).

lim I ~ I = lim [ 14:1:+ Iln+l. -~ ] -. 14:1:+ 11n-+~ an n-~ (n + 1)2 14x + Iln - n~ (1 + l/n)2 = 14:1: + 1\, so by the Ratio Test, the25.~S

series converges when 14x + 11 < 1 <:;0 -1 < 4.:1:+ 1 < 1
the

R = ~. When x = - ~, the series becomes E ~,which converges by the Alternating Series Test. When
n=l n

x = 0, the series becomes f ~,a convergent p-series (p = 2 > 1). I = [-~, 0].
n=l n

(-I)n(2x+3)n . l an+l l . nInn26. If an = 1 ' then we need lirn - = 12x + 31 lirn ( 1) In ( 1) = 12x + 31 < 1 for
n nn n-+oo an n-+oo n + n +

00 00 1
convergence, so -2 < x < -1 and R = ~. When x = -2, E an = E _

In ,which diverges (Integral Test),
n=2 n=2 n n

00 00 (-I)n
and when x = -1, E an = E - In ,which converges (Alternating Series Test), so 1= (-2, -1].

n=2 n=2n n

27. If an = _(Inxn ) n' then lim ~ = lirn -InI x 1 = 0 < 1 for all x, so R = 00 and I = (-00,00) by the

n n-+oo n-+oo n
- .~ .

.t).

soby

~S is

Dnic

2.4.6 (2n)xn l an+l l ( 2n+2 )28. If an = 1 3 5 (2 1)' then we need lim - = lim Ixl _2 1 = Ix! < 1 for convergence, so
. . n - n-+oo an n-+oo n +

2.4.6 (2n)R = 1. If x = :f:1, lanl = 1 .3.5. . . . . (2n -1) > 1 for all n since each integer in the numerator is larger than

erges.

x-41.

. I (n + 1)!(2x -1),,+1
1 = lim (n + 1) 12x -11 -+ 00,,~~ n!(2x - I)" "-+00

#- -2 < 4x < 0 #- -~ < x < 0, so


