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38. (a) Following the hint, we get that |a»| < 7™ for n > N, and so since the geometric series Y oo, ™ converges
(0 <7 < 1), the series )\ |an| converges as well by the Comparison Test, and hence so does 37 | |an|,

$0 327 | an is absolutely convergent.

() f im 3/|an| = L > 1, then there is an integer N such that ¥/|an| > 1foralln > N, so |an| > 1 for
n—oo

n > N. Thus, lim a, # 0,50 Y o, an diverges by the Test for Divergence.

39. (a) Since 3 ax is absolutely convergent, and since |a7t| < |an| and |a;; | < |an| (because a;} and a;, each equal
either an, or 0), we conclude by the Comparison Test that both 3 a;} and 5" a;, must be absolutely convergent.

(Or usé Theorem 12.2.8.)

(b) We will show by contradiction that both 3 a} and 3~ a;, must diverge. For suppose that
Y a} converged. Thenso would }"(a} — 2an) by Theorem 12.2.8. But 11

Y(at - 2as) =3 [3 (@n + lanl) — 2an] = 1 3 |an|, which diverges because 3 an, is only conditionally

re

convergent. Hence, ) a;} can’t converge. Similarly, neither can San.

40. Let 3 by, be the rearranged series constructed in the hint. [This series can be constructed by virtue of the result of
Exercise 39(b).] This series will have partial sums s,, that oscillate in value back and forth across 7.

Since lim an = 0 (by Theorem 12.2.6), and since the size of the oscillations |s, — 7| is always less than {ax|
n—oo

because of the way > . b, was constructed, we have that Y b, = lim s, =r.
n—o0

12.7 Strategy for Testing Series

k-
. . onf-1 . 1—1/n? . ean?o1
1. nan;o an = nlggo moon i nlll?olo T¥1/n =1 # 0, so the series f\;l o diverges by the Test for (¢]
Divergence.

: n—1 1 . Qn . ni-n . 1-1/n . & n-l
2..Ifan—n2+nandbn—1—l,thennlln303;—nlggon2+n—nli'n;ol_’_l/n—l,sothesenesngln2+n

diverges by the Limit Comparison Test with the harmonic series.

k—
1 1 * > 1 .
3 — > i i — ries that
3 T < 2 foralln > 1, so nz=:1 i converges by the CompansQn Test with ngl 2 a p-se
convefges becausep = 2 > 1. 10, Let
-1
4. Letb, = —-——. Thenb; = 0,and by = by = &, but by > by forn > 3 since
n?4+n dec
_ ’ 2 _ . 2 _ . 2
(a; 1) =(z +z)—(z 12)(2:c+1): z +2z-;—1___2 (z—-1) < 0forz > 3. Thus, ’
24z (x2 + :z:) (zz + 1.) (x2 + x)2 Inte
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-1 : >
= converges by the Alternating Series Test.

{bs | n > 3} is decreasing and hm bn =0, 50 Z (- 1)“_

n=3

nln

Hence, the full series Z (-1) also converges.

> Qnt1 ot (_3)n+2 23?1 L 23n o i % § :
5 nlgr;o =i i nlLl’Iclﬂ BT (<3| i | P 2B | lm;o % =3 < 1, so the series
o e
e is absolutely convergent by the Ratio Test.
n=1
o0 3 =
6. n}in.}o Vlaa| = hPcl,;. 1 —f—S = ﬂh_)rgo 1fﬂ3+ s g < 1,s0 “gl ( i +n8n) converges by the Root Test.
1. Let f(z) = L . Then f is positive, continuous, and decreasing on [2, 00), so we can apply the Integral Test.
zvinz
u=Ingz,
Sincefnl—dz :/u_1/2du:2u”2+0=2vln:z:+C,weﬁnd
zvInz du =dz/z :
e de . £ dy : s ; :
= lim ——— = lim [2\, ln:):] = hm (2vln 2V1n2) = 00. Since the integral
g mnng Pl waylngs it 2
diverges, the given series Z divergcs_
tnVIn
= 2% - g
8. e — ———— Using th i
; k+2) kzzl D (k+2) Using the Ratio Test, we get
g o k+1)(k+2 k+1 s g mits
kll‘n; G;—?! = klglm\ P (k+3) ( 2 2£ +2) kwm (2 -k:—d) = 2 > 1, so the series diverges.
Or: Use the Test for Divergence.
— 2 —k = k2
. Z ke = Z o Using the Ratio Test, we get
k=1 k=1
|kt (1)t o keINY 1 P i
lim |Z&4L| — L e 7 8 e N ST . T .
. e chl i 1 iz kl_J{I;O % = 1 i < 1, so the series converges.

(2 — 3:1‘ )

10. Let f(z) = =%~ =*  Then f is continuous and posmvc on [1,00),and f'(z) = < 0Oforz > 1,50 fis

t
decreasing on [1,00) as well, and we can apply the Integral Test. [} #2e™*" dz = lim [—%e_wz] = 3,sothe
1

t—o0

integral converges, and hence, the series converges.
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12,

13.

14

15.

16.

17.

18.

19.

1 nt1
b, = ﬁ > 0forn > 2, {bn} is decreasing, and hm br. = 0, so the given series nX—:z Lhﬁ_ converges by
the Alternating Series Test.
Let b, = —2_4-—25 Then b, > 0, 11m b, = 0, and
n n+1 n®+n-25 .
n — On = - = y h tive f > >
b bnt1 12 T oni % (2 T 25)(n? 4 2n 1 26) which is positive for n > 5, so the
sequence {b,,} decreases from n = 5 on. Hence, the given series Z( 1)" = + o5 converges by the Alternating
Series Test.
i [@ntr) |3 e+ )? Al | [3(n4+1)2] L. n+l .
nll»néo an | . ,}EEO (n+1)! 3nn2| T nlLoo (n+1)n2] 3n13—>ngo nz 0 < 1, 50 the series
nn2
Z 7~ converges by the Ratio Test.
— !
The series ) >, sinn diverges by the Test for Divergence since lim sinn does not exist.
o bl = (n+1)! 2:5:8--- (3n+2)
]| o | AulTb R BT =
n 41 1
= ==<
n—oo 3n 4+ 5 e :
s !
so the series RZ"D 258 n )] converges by the Ratio Test.
Using the Limit Comparison Test with a,, = n +1 and b, = 1 we havi
& P T T nd 41 " ¢
' 2 3
. Gn : n“+1 n . N +n . 1+1/n% oo
_— = - —_ _ —e - t
nl—l»n;o ™ "lixlgo(n3+1 1) nlgr;o Bl nlglgo T+ 1/n? =12>0. Since 3_°7 , bn is the divergen

harmonic series, » -, an is also divergent.

lim 2}/™ = 2% = 1,50 lim (—1)™2'/" does not exist and the series Z(—l)“21/ﬂ diverges by the
n—oo n—ro0
n=1
Test for Divergence.

)"“1

1 . .
by = i1 forn > 2. {b,} is a decreasing sequence of positive numbers and nlLIIgo br. =0, s0 1§2 T =

converges by the Alternating Series Test.

Iz , —lnz Inn
Let f(z) = 7 Then f'(z) = -23—/2<0whenlnm>20r:c>e soﬁxsdecreas1ngf0rn>e
By I’Hospital’s Rule, T}Lngo ln——: = nllm 17 (2ﬂ = nlglgg ~\/—_ = 0, so the series ,;1( 1)" T converges by

the Alternating Series Test.

20.

2.

2

21.

li
k-

Te

I

3]

(=]
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o0
R e k+6 b5* e sl e T o | R :
20. kllnco R b le gl e Eklllvlolc A < 1, so the series ; o converges by the Ratio
Test
oo = }2!1 o0 4 n 4 d .
2. Z —= (—) . lim %/]an]| = lim — =0 < 1, so the given series is absolutely convergent by the
=1 N n=1\" n—oo n—o0 T
Root Test.
=] = i % | .
< = < — =— fo =1, %0 —————— converges by the Comparison Test
.22. 42245  nd42n245  nd 2 ,,Zln1+2712+5 it _—

with the convergent p-series 300 1/n* (p =2 > 1).

1 1
23, Using the Limit Comparison Test with a,, = ta.n( ) and b, = —, we have
™

T

¢ an(1/ sec?(1/z) - (-1/z
lim =% = lim all/y) = lim /) Z lim e L) = lim sec’(1/z) =1 =1>0.
n-—=oo O n—oo f’.".', T—o0 ;"'_'L‘ T—00 —1,."].‘]32 T—00

Since Y~ | by, is the divergent harmonic series, >, ax is also divergent.

2. |f::tlz;2?3t - _}.41; < l and since nzl n_ converges (p = 2 > 1), § CL:(:"!T converges absolutely by
the Companson Test.
o .| @ny1 (n+1)! e’ . (n+1n!. e’ . n+1
25. Use the Ratio Test. nh_r.tr:w e nﬁ% e e nl_lI.Ijlo e o nl_l_?;: e 0<1,s0

oo
n!
E (_:’7 converges.

n=1

|a
% T | n+1

n— 00 i n

£ A.780

" .2 " En .2 1
= hm & B (n +2n4+2 5 ): lim (1+2jn+2jn __)

n—oo  (n n—oo 5n+l n24+1 1+ ].I;‘r?‘?.2 5

| =

]
1+ 1

converges by the Ratio Test.

Fz t—oo

t 5
aig!
2]. [ I—n—:"-"-d.r lim {_ln_;r - -1—] (using integration by parts) = 1. So 3 L:l converges by the Integral Test,
J2 T 1

r n=1 M
_ klnk klnk k 4 Ink
and since % < L: = n , the given series L —L— converges by the Comparison Test.
(k+1) ks e =1(k+1

: 1]. . / : = € .
28, Since {—} is a decreasing sequence, e'/" < e}/! = eforalln > 1,and Y —; converges (p = 2 > 1), 50,
n n

n=1

oo Sl/n
€

3 —2— converges by the Comparison Test. (Or use the Integral Test.)
n=1 T

-1 . -
29,0 < tan” n _ w/2 wfE = 1 3

. < =. —— = which is a convergent p-series > > 1),s0
n3/2 n3/2 ,221 ndiz = 3 & nak gent p- =3 )

—1
tan 'n
e 5_ —— converges by the Comparison Test.
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30. Let f(z) = \_/*__5 Then f(zx) is continuous and positive on [1, co), and since f'(z) = —\/—5%157 < O for

z > 5, f(z) is eventually decreasing, so we can use the Alternating Series Test.

. oy/n 1 j \/'
nan;o marir nll»nolo ey ey R 0, so the series E( 1) 7 converges.

5 _(5/9% (3} . {5\
3. = k 2] = 21 =
klgxgo ak = hm TS = [divide by 4"] hm % Bk +1 = oo since an:o 3 0 and khm (4 0.

Thus, Z 3k dlverges by the Test for Divergence.

n 2n 2 (2n
32 nle Ylian| = hm 0 5= nh_)rn - = = 0, so the series z:l converges by the Root Test.

. o0 -
33. Let n—M ndb,,:-l—,Then im 2 = lim Mn—)=1>0,soz%@convergesby

ﬁ n\/’r_), n—00 bn n—oo l/n

e <]
limit comparison with the convergent p-series Z ;31/—2 (p=3/2>1).

n=1

1 1 1 = 1
HNo< 2n<mn, > - . . )
0<ncos“n <n,so nTncodn S nin - o . Thus, ,,E 1 i ncoRn diverges by comparison with
— 1 . : . o
E o which is a constant multiple of the (divergent) harmonic series.
n=1
n?/n 1 1 1
n
%. lim {/lan| = lin = li =3 =- '
im |an| = lim (n+1) Jim DIk m /) e < 1, so the series
n—oo
oo n nz
,.E=1 (m) converges by the Root Test.

36. Note that (Inn)'" = (el2m)""" = (™)™ = pinlm and InInn — co as 7 — oo, so lnlnn > 2 for

éufﬁciemly large n. For these n we have (Inn)""™ > n?, so ———17; < = ! . Since E -1- converges
(Inn) n? n=2 M
1
(»p =2 > 1),s0does E (l__)"‘—“ by the Comparison Test.
n=2
37. Jim ¥/lan| = Jim (21/n _ 1) =1-1=0 < 1, so the series Z ( - 1) converges by the Root Test.

n=1



