SECTION 12.6 ABSOLUTE CONVERGENCE AND THE RATIO AND ROOT TESTS O 955
: 12.6 Absolute Convergence and the Ratio and Root Tests
e 1. (a) Since lim iaiiif (- 8 > 1, part (b) of the Ratio Test tells us that the series > an is divergent.
L= OO ey,
(b) Since lim s . S 0.8 < 1, part (a) of the Ratio Test tells us that the series . an, is absolutely convergent
n— oo an
(and therefore convergent).
(c) Since lim i S 1, the Ratio Test fails and the series | a, might converge or it might diverge.
n—00 iy
2 2 n 2 '
T - 2 . 1 ].
2. The series 2;‘1 — has positive terms and nllngo EE:—j = n]in;o {%it;l-)—- nz} = nll.ngo (1 == %) “FEZ < .1.
so the series is absolutely convergent by the Ratio Test.
Loty n 5 n+1l 1
o 3. Z 79 . Using the Ratio Test, lim et 4 8 L1 el = lim ‘ =0<1,sothe
= w5 | Tan | T | D (107 | T nmeo|nr 1
series is absolutely convergent.
4. the Test for Di i ? sk 12y i
Z( - = dlvcrgcs by the Test for Divergence. lim n —7 =090,50 lim (—1) o4 does not exist.
Ty p.
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5 i Z converges by the Alternating Series Test, but Z "_ﬁ is a divergent p-series (p =2 1) , so the
as n=1
given series is conditionally convergent.
siiw tp-series (p=4> 1 T bsolutely ¢ t
: 1 —3 1s a convergent p-series (p = ), s0 Z i is absolutely convergent.
n= n=1
1 JLm lan| = nl”f?n -5-17—?’ = ﬂli_‘m00 m =1, 80 n]i__nglo an 7 0. Thus, the given series is divergent by the Test
for Divergence.
not By n;:— 1 diverges by the Limit Comparison Test with the harmonic series:
n=1
2 2
1 <
f nh—r,];o L:rla,g-_l = nan;o n2n+1 1. But nz—:1 - }"" ] converges by the Alternating Series Test:
hat =2 has positive terms, is decreasing since =i : = b= c < 0Oforz > 1, and
n?+1 e o 2+1) (@212 " i
“li_{& seai 0. Thus, r;gl(—l)."‘_l ey is conditionally convergent.
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10.

= nli.ngo m =0 < 1, so the series ; ﬁ is absolutely convergent by the Ratio Test. Of course,

absolute convergence is the same as convergence for this series, since all of its terms are positive.
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= — lim (n+ 1) = oo, so the series E e” ™n! diverges by the Ratio
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11. Since 0 < —— < 1€ e = and Z — is a convergent p-series (p = 3 > 1), E —— converges, and so
n3 n3 n? —n ey
( i ¢ )'n 1/n
Z is absolutely convergent.
n=1
sin dn 1 > |sindn . . . .
12. o < a5 Z y=i converges by comparison with the convergent geometric series
n=1
i i = 1) Thus Z e is absolutely convergent.
n=1 4ﬂ - , n=1 an : g
) g (nENFT 4~ o 3 el 3 -3)"
13. nll{[i.c e r}il‘%j { i el = ﬂler;D ~ Lo =4 < 1, so the series Z prEm
absolutely convergent by the Ratio Test.
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8 dn |2 g gy ol = lim F4—1 = = 0, so the series
n—oo | (in n—oo (n -+ ]_)F n22n n—oo T n+1
= nZon
3 (= 1)7"""'l — is absolutely convergent by the Ratio Test.
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. |ann 1 RADET] o Wi b ,
. nlglgo an | "l-*°° [(n+2)42"+3 ' _ 107 - Ji»ngo 2 ' nt2) 738 < 1, so the series
oo 1 7
z 0t is absolutely convergent by the Ratio Test. Since the terms of this series are positive, absolute
= (n+1)42n+2
convergence is the same as convergence.
2/3 _ 3 —~cosn 1 2
16. n 2> 0forn > 3,s0 373 >n2/3—2 —75 forn > 3. Smcez 5 diverges (p =2<1),50
does Z —208h by the Comparison Test.
(=1 )" . . . . 1 1. .
17. Z converges by the Alternating Series Test since lim —— = O and { —— } is decreasing. Now
=2 n—oo lnn Inn
1 1 .
Inn < n,so nn > , and since ,,22 _is the divergent (partial) harmonic series, Z dlverges by the
Comparison Test. Thus, Z (-1 is conditionally convergent.
n=2
o lanst (n+1)’/(n+l)"+1 . n" . 1 1 .
18. lim |2t = lm ———s = lim ——~— = = the series
nl'ngo an n—»oo nl/n" nl*uc}o (n + 1)" n-l—ync}o (1 + 1/n)n e < 1, s0 the
2 nl
Z % converges absolutely by the Ratio Test.
n=1
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19. ——n|——— < n' and Z ~y converges (use the Ratlo Test or the result of Exercise 12.4.29), so the series
oo
Z w—s%l"’r—/?f—)- converges absolutely by the Comparison Test.
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20. lim %/ |an! = llm IL =0<1,5s0 the series Z o )) converges absolutely by the Root Test.
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2. lim ¥|a.| = hm (3:3"1) = lim {:/; == = 00, so the series Z 3i¥an is divergent by the Root Test.
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so the series is divergent by the Ratio Test.

- (1+%) lim (n+1)= E.llfﬂ (n+1) =00,
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22. Since { } is decreasing and llrn = 0, the series Z Ez_]:;)n converges by the Alternating Series
n=2

Test. Since )

n—anlnn

i ) R
diverges by the Integral Test (Exercise 12.3.21), the series E Ezln)n is conditionally
n=2

convergent.
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i Hlagl = lim ——— = lim ———=—<1 so the series ———— | is absolutel
Bl Y= Ines B i 2 Z(2n2+1) 2

convergent by the Root Test.
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- h bV = lim ——— = = — < 1, so the series —— — is absolutely convergent by the
I lan] nco arctann wf2 x » 1; (arctann)® g sk
Root Test.
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25. Use the Ratio Test with the series 1 TR S e (=1 (2n-—1)'
o=, yne11-3-5----. (2n —1)
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lim |2t (-1)"-1-3-5- (2n =1)2(rn+1)—1] (2n —1)!
n—sco | Qn n—»oo [2(n+ -1 (-=1)»1.1-3-5----- (2n-1)
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= lim == 1,
e 2n
so the given series is absolutely convergent and therefore convergent.
g - 22 9.6 92.6-10  2.6.10-14  x=2-6-10-14----- (4n —2)
26. Use the Ratio Test with the series §+T+5-8-11 58 11 ‘144—‘--—2 T T GnT2)
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so the given series is divergent.



