
INFINITE SEQUENCES AND SERIESCHAPTER 12M 0

17. (a) From the figure, a2 + aa +... + an $ hn f(x) dx, so with

1 1 1 1 1 i n 1
f(x)=-,-+-+-+"'+-$ -dx = Inn. Thus,

X 2 3 4 n 1 X

(b) By part (a), 8106 :5 1 + In 106 ~ 14.82 < 15 and 8109 :5 1 + In 109 ~ 21.72 < 22.

In+l dx
- is less than this sum because

1 x

1 1 11+2+3+---+;;:- Now

the rectangles extend above the curve y = 1/ x, sofn+l 1 1 1 1- dx = In(n + 1) < 1 + - + - + ... + -, and since
1 x 2 3 n

. 1 1 1In n < In( n + 1), 0 < 1 + 2" + 3" + . . . + ~ - In n = tn.

(b) The area under f(x) = l/xbetweenx = nand x = n+ 1 isIn+l dx- = In(n + 1) -In n, and this is clearly greater than the
n x

area of the inscribed rectangle in the figure to the right

[which is ~ 1] ' sotn - tn+l = [In(n+ 1) -Inn) - ~ > 0,
n+ n+l

and so tn > tn+l, so {in} is a decreasing sequence.

(c) We have shown that { tn} is decreasing and that tn > 0 for all n. ThU!

monotonic sequence, and hence converges by Theorem 12.1.11.

(b) The area

39 b1nn = (elnb )lnn = (elnn)lnb = nlnb = ~. This is ap-series, which. n-lnb

b < e-l b < lie [with b > 0).lnb < -1

The Com

#- ~

12.4 Tests

1. (a) We cannot say anything about L Un. If Un > bn for all n and L bn is convergent, then L an could be

convergent or divergent. (See the note after Example 2.)

(b) If Un < bn for all n, then L an is convergent. [This is part (i) of the Comparison Test.]

2. (a) If an > bn for all n, then L an is divergent. [This is part (ii) of the Comparison Test.]

(b) We cannot say anything about L an. If an < bn for all nand L bn is divergent, then L an could be

convergent or divergent.

1
3. <

n2 + n + 1
because it is a 1

2 2
~'~ 4 <3

n + n

because it is a (

5 5
5.-<-. 2+3" 3"

(X) 1
because ):::: ~

n=l

1 16. > -
n-.jii n

OX) 1
2:: -.
n=2n

1. ~ > !!:.. -
n2 n2-

4 + 3n 3n8.->-
2n 2n

2
9.~<-n2 + 1 - n2

(p = 2 > 1).

Thus, 0 < tn :$ tl = 1, so {tn} is a bounded

by Theorem 12.1.11.

converges for all b such that -lnb > 1

n2+11. If a.. = _
3n -

the Limit Com

Or: Sincea,.:

12. 1 + sin n
10" ~ -:

multiple of a c

n-l. .13. - IS poSit
n4n

geometric serif



1 1 ~ 1 ~ 1
3. 2 1 < 2 for all n ~ 1, so}:::; 2 1 converges by comparison with}:::; 2' which converges

n +n+ n n=l n +n+ n=l n

because it is a p-series with p = 2 > 1.

2 2 ~ 2 ~ 2 ~ 1
4. ~ 4 < 3 for all n ~ 1, so }:::; ~ 4 converges by comparison with }:::; 3 = 2 E 3' which converges

n + n n=l n + n=l n n=l n

because it is a constant multiple of a convergent p-series (p = 3 > 1).

5 5 ~ 5 ~ 5 ~ 1
5. -2 3n < -3n for all n ~ 1, so E -2 3" converges by comparison with}:::; -; = 5 }:::; -;, which converges

+ ,,=1 + n=l 3 ,,=1 3

I
x

4... n

because n~l ~ is a convergent geometric series with r = l <Irl < 1).

6. ~ > ! for all n ?: 2, so f ~ diverges by comparison with the divergent (partial) harmonic series
n - v n n n=2 n - v n
<XO 1
E -.
n=2n

7 n + 1 n 1 s: all > 1 ~ n + 1 d. b . .th th h . . ~ 1. ~ > 2 = - lor n - ,so L.., ~ Iverges y companson WI e armomc senes L.., -
n n n n=l n n=l n

4+3n 3n (3)n 00 4+3n
8. ~ > ~ = "2 for all n ?: 1, so n~l ~ diverges by comparison with the divergent geometric series

E:=l(~)n.

cos2 n 1 1 . Eoo COS2 n Eoo 1
9. ~ 1 ~ ~ 1 < 2' so the senes --;;-- 1 converges by comparison with the p-series -

2n+ n+ n n+ n
n=l n=l

(p = 2 > 1).

n2 - 1 n2 n2 1 1 <XO n2 - 1 . . <XO 1 .
10. 3n4 + 1 < 3n4 + 1 < 3;;:4 = 3~' E ~ converges by companson wIth E 3;;:2' which converges

n=l n=l

because it is a constant multiple of a convergent p-series (p = 2 > 1). The terms of the given series are positive for

n> 1, which is good enough.

t:=:~ ~
3 ... n n+l x

1y=-,/ X

--~-n n+l X

,so {tn} is abounded

b such that -lnb > 1

n2 + 1 111. If an = -:;-- 1 and bn = -. thenn - n

the Limit Comparison Test with the divergent (partial) harmonic series E .!..
n=2 n

n2 + 1 n2 + 1 n2 1Or: Since an = ~ 1 > -s- > 3 = - = bn. we could use the Comparison Test.
n- n n n

:: an could be 12. 1 + sin n < ~ and ~ ~ = 2 ~
( -.!. ) n

IOn - IOn L., Ion L., 10

n=O n=O

multiple of a convergent geometric series.

~1 n-l... n-l n 1 E n-l b . . thth3. - IS positive for n > 1 and - < ~ = -, so - converges y compansonwi e convergent

n4n n4n n4n 4n n4nn=l
~ (l )n

geometric series ~ "4 .

1,n could be
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3
lim ~-n-+<x> n3 - 1 -

lim !.::!::~ - 00 n2 + 1 .
n--oo 1 - 1/n3 - 1, so I: ~

1 diverges byn=2 n -

1 0 an-
1m --

n oo bn

. so the given series converges by comparison with a constant
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;;;:;;;: 00;;;:yn yn 1 yn.14. - > - = -.fii ' so ~ - dIverges by
n-l n n L..,n-l..=2

(p=!:S 1).

15. 2 + <..;n-l)n .$ _ ..;n3 . and f _ ..;n3 converges because it is a constant multiple of the convergent p-series

nn nn nnn=l
00L ~ (p = ~ > 1). so the given series converges by the Comparison Test.

n=l nyn

1 00 00
16 1 1 L 1 b oo th th . L 1.. t=r-;-1 < --n = ~ / 2' so t=r-;-1 converges y comparIson WI e convergent p-senes _

3/2yn3 + 1 yn3 n yn3 + 1 n

n=l n=l

(p = ~ > 1).

1 1
17. Use the Limit Comparison Test with an = /::-2-;--;" and bn = -:

yn-+l n
CX)

lim ~ = tim n = lim j;=::;:~~ = 1 > O. Since the harmonic series L .! diverges, so does
n-+CX) bn n-+CX) ~ n-+CX) VI + (1/n2) n=l n

00 1

L~.n=l

18. Use the Limit Comparison Test with an = -2 1 3 and bn = !:

n+ n
1. 1 1 OS ' thh . .~ln~~ 2 + (3/n) = 2" > . mce e annomc genes L." ;;: diverges, so does

n=1
anlim-=

n-+oo bn

1. n
Im-=

n-oo 2n + 3

~ 1

L~'n=l

CX)
( 2)n

n~l 3"
2n 2n

(2)n
19. ~ < ~ = "3

the Comparison Test.

20 U th . . C . T .th 1 + 2n d b 2n Ii an
Ii. se eLlmtt ompanson .est WI an = _ 1 3 an n = _3 : m - b = m+ n n n--+(X) n n--+c

(X) (X) 1 + 2nI: bn converges (geometric series with ITI = i < I), I: _1 3 n also converges.

n=l n=l +

21. Use the Limit Comparison Test with an = ~ and bn =~: lim ~b = Ii
1 + yn yn n--+(X) n n-

f -k is a divergent p-series (p = ! :::; I), f ~ also diverges.
n=l yn n=l 1 + yn

22. Use the Limit Comparison Test with an = ~ and bn = ~:

1. an 1. n-\n +~) 1. J. T n 1 01m -= Im= 1D1= > .
n--+oo bn n--+oo (n + 1)3 n--+oo (1 + ~)3

(p = 2 > 1), the series I= ( n + :
)3 also converges.

n=3 n +

lim n2(n + 2)n-(X) (n + 1)3 =an
lim-=

n-+cxo bn

~

with the divergent (partial) p-series ~ ~
23. Use the Limit I

lim~=
n-oo bn

Ii
n-

convergent p-s

n2 -
24. If a,. =-

n3+

f-~n=l n3 + n +
an> Oforn;

1-+
25. If an = ""J1':

an-
lim--

n-ocx> bn
I

n

Limit Compar

n-26. If an = W

{XJ n+
so}=:-

n=l l/fi7-

27. Use the Limit

{XJ

Since L e-1

n=l

is a convergent geometric series (irl = i < 1), so f ~ converges by
n=l 1 + 3n

Ii (1/2)n + 1n-+~ (1/3)n + 1 = 1 > O. Sincean
lim-=

n--+(X) bn

28. Use the Limil

I" an1m -=
n-~ bn 1

~ 2n2

Ln=1 3n(n2 +

li .Jiim 1n-+(X) 1 + vn = > O. Sincean
lim-=

n-+~ bn

29. Clearly n! =

geometric sel

30. !:J.. = !-:!.:

nn n.j

CX) 1

L 2 isa
nn=3

convergent (partial)p-seriesSince

al~converges



U th L ' , C . 1i . h 5 + 2n d b 123. se e lmlt ompanson est Wit an = (1 + n2)2 an n = ;\3:

lim ~ = lim n3(5+2n) = lim 5n3 +2n4. ~ = lim ~ +2 =2> O. Since f ~ is a
n-+(X) bn n-+(X) (1 + n2)2 n-+(X) (1 + n2)2 I/(n2)2 n-+(X) (~ + 1)2 n=l n3

(X)

convergent p-series (p = 3 > 1), the series ~ ~ also converges.

n2 - 5n 1. an . n3 - 5n2 . 1 - 5/n
24. If an = 3 1 and bn = -, then 11m -b = lim 3 1 = lim l 11 2 11 3 = 1 > 0, so

n + n + n n-+(X) n n-+(X) n + n + n-+(X) + n + n

~ 1

~~

~ n2 - 5n d. b th L. . C . 'T' .th th d. h . . ~ 1
(N thL.. 3 Iverges y e Imit ompanson lest WI e Ivergent armomc genes L.. -. ote at

n=I n +n+ 1 n=I n

an > 0 for n ?: 6.)

1+n+n2 1
25. If an = ". _? . ~_.. and bn = -, then

v 1 + n- + n6 n

lim ~ = lim n + n2 + n3 = lim 1/n2 + 1/n + 1 = 1 > 0, so E 1 + n + n2
n-CX) bn n-CX) y1 + n2 + n6 n-CX) J1/n6 + 1/n4 + 1 n=l y1 + n2 + n6

Limit Comparison Test with the divergent harmonic series E .!.
n=l n

n+5 n n 126. Ifan = 3/_7 , -" andbn = 35 = - 7/3 = ~
/ 3,then

yn7+n2 yn7 n n

- converges by

00 00 002

Since ~ e-n = ~ ~ is a convergent geometric series (IT I = ~ < 1). the series ~ (1+ ~)

1 > O. Since converges.

28. Use the Limit

I" an Ii 2n2 + 7n 2 0 d . ~ b . " . (I I 1 1)lID -b = m 2 = > , an since L., n is a convergent geometric senes r = '3 < ,
n-+(X) n n-+(X) n + 5n - 1 n=lL > O. Since

f 2n2 + 7n
n=l 3n(n2 + 5n - 1) converges also.

29. Clearly n! = n(n - 1)(n - 2) .. .(3)(2) > 2.2.2. ... .2.2 = 2n-l so.! < ~. ~ ~ is a convergent- , n ' - 2n-l L... 2n-l. n=l

geometric series (Irl = ~ < 1), so E ~ converges by the Comparison Test.
n=l n.

n! 1.2.3 (n-1)n 1 2 . ~ 2 ~ n!
30. - = ~ - . - .1 . 1 . ... . 1 for n ~ 2, so smce L - converges (p = 2 > 1), L -

nn n.n.n n.n n n n=ln2 n=lnn
converges also by the Comparison Test.

SECTION 12.4 THE COMPARISON TESTS 0 947

diverges by the

. an . n7/3+5n4/3 n-7/3. 1+5/nhm -= hm.-= lim
n--+<x> bn n--+<x> (n7 + n2)1/3 n-7/3 n-+<x> [(n7 + n2) /n7r/3

lim 1 + 5/n - 1 + 0
n--+~ (1 + 1/nsf/3 - (i+0)i73 = 1 > O.

e-n and bn = e-n:

e-n also

2 7 12n + n and bn = "3';"Test with an = gn (n2 + 5n - 1)
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J1. Use the Limit Comparison Test with an = sin ( ~) and bn = ~. Then }:::: an and }:::: bn are series with positive

an I. sin(1/n) 1. sin{} 1 0 S. ~oo b . h d. h .tenDS and lim - = Im / = 1m - {} = > . mce L...n=1 n IS t e Ivergent armomc series,
n-oo bn n-oo 1 n 9-0

}:::::=1 sin (1/n) also diverges. (Note that we could also use I'Hospital's Rule to evaluate the limit:

lim sin(1/x) ~ lim cos(1/x). (_1/X2) = lim cos! = cosO = 1.)
z-oo 1/x z-oo _1/X2 z-oo x

32. . . C . 'T' .th 1 d b 1 1. an I. n 1. 1 1Use the Limit ompanson lest WI an = -1+11 an n = -. 1m -b = 1m ~ + 11 = 1m - II =n n n n-oo n n-oo n n n-oo n n

(since lim xl/z = 1 by I'Hospital's Rule), so f ! diverges (harmonic series) =? f ~ diverges.
z-oo n=l n n=1 n

10 1 1 1 1 1 1 1
33. }:::: = - + - + - + . . . + - ~ 0.567975. Now 4 2 < 4' so using the reasoning and

n=1 n4 + n2 2 20 90 10,100 n + n n
33.

notation of Example 5, the error is RIO .$ Tio =

34. f l+cosn=l+cosl+l+cos2+1+cos3+ooo+1+cosl°R:l.55972. Nowl+cosn<~,sOn=1 n5 32 243 100,000 n5 - n5

as in Example 5, RIo ~ T1o ~ {~~dx = 2 lim [-iX-4]:O = 0.00005.
110 x t-~

10 1 1 1 1 1n~l~ = 3" +5+9+'..+ ~ ~O.76352.35.

1: -!. - 1/211,,=11 2" - ~ (geometric series) ~ 0.00098.Rlo ~ TlO =

10 n 1 2 3 10 n n 1 .
36. }:::: = - + - + - + . . . + ~ 0.283597. Now < - = - so the error IS

n=1 (n + 1)3n 6 27 108 649,539 (n + 1)3n n. 3n 3n'
co 1 1/311

RIo :$ T1o = n~1 ~ = 1=173 ~ 0.0000085.

37. Since ~ ~ ~ for each n, and since n~l ~ is a convergent geometric series (irl = It < 1),

O.dld2d3 ... = n~l ~ will always converge by the Comparison Test.

38. Clearly, if p < 0 then the series diverges, since rim - In1 = 00. If 0 ~ p ~ 1, then nP In n ~ n In n :::>

n-= nP n

~ l ~ _11 and f _11 diverges (Exercise 12.3.21), so f J:.--l diverges. Ifp> 1, use the Limit
nP nn n nn n=2 n nn n=2 nP nn

Comparison Test with an = J:.--In and bn = .1-. f bn converges, and lim ~b = lim -In1 = 0, so
nP n nP n=2 n-= n n-= n

f _11 also converges. (Or use the Comparison Test, since nP In n > nP for n > e.) In summary, the series

n=2 nP nn

converges if and only if p > 1.

39. Since}::; an converges, tim an = 0, so there exists N such that Ian - 01 < 1 for all n > N=*"O ~ an < 1
n-=

for all n > N :::> 0 ~ a~ ~ an. Since}::; an converges, so does }::; a~ by the Comparison Test.

.
40. (a) Since limn-o

since an aJ

(b) (i) If an :

convet

(ii) If an :

Now'
,

41. (a) Since lim
n-+c

Definition

Comparisl

(b) (i) If an

lim
n-+oo

(ii) If an

lim
n-+oo

1
42. Let an = 2

n

43. lim nan =
n-+CX)

either both se

Therefore, L

Joo dx . [ X-3 ] t 1 - 4 = IlJD -- 3 = _3000 = 0.0003.

10 x t-oo 10

00 1
}::::-<n=ll n4 -

N Il th . ow -
2 < -, so eerrorlS

1+ ft 2ft

44. First we obse

lim an=O
n--+CX)

}::: an is conv

45. Yes. Since I

}:::bn = Es

lim~=
n--+CX) an t

Test.

46. Yes. Since}:

then E::'=l a

the second te


