
9:. 0 CHAPTER 12 INFINITE SEQUENCES AND SERIES

12.3 The Integral Test and Estimates of Sums
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by (8.8.2) with p = 1.3 > 1, so the series converges.integral converges

2. From the first figure, we see that

h6 f(x)dx < E:=l ai. From the second

figure, we see that

L~=2 a. < f16 f(x) dx. Thus, we have

L~=2 a, < h6 f(x) dx < L~=1 a..

3. The function f(x) = 1/x4 is continuous, positive, and decreasing on [1,00), so the Integral Test applies.f (X) 1 f t

4dx=lim1 X t-+(X) 1
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4. The function f(x) = 1/ {IX = x-l/4 is continuous, positive, and decreasing on [1,00), so the Integral Test applies.

Ioo X-l/4 dx = lim It X-l/4 dx = lim
[ .iX3/4 ] t = lim (.it3/4 - 1 ) = 00, so Eoo- 1/ {In diverges.

1 t--+oo 1 t--+oo 3 1 t--+oo 3 3 n-l

5. The function f(x) = 1/(3x + 1) is continuous, positive, and decreasing on [1,00), so the Integral Test applies.

1 00 -3 dx 1 = lim l b .!!=-1 = lim [~ln(3x + 1)]~ = lim [~ln(3b + 1) - ~ In4] = 00

1 X + b--+oo 1 .J;I; + b--+oo b--+oo

so the improper integral diverges, and so does the series E:=11/(3n + 1).

6. The function J(x) = e-:t is continuous, positive, and decreasing on [1,00), so the Integral Test applies.

IICX) e-:t dx = lim I: e-:t dx = lim [-e-:t] ~ = lim (-e-b + e-l) = e-l, so ECX)=l e-n converges. Note:
b-CX) b-CX) b-CX) n

This is a geometric series, with first term a = e-l and ratio r = e-l. Since Ir! < 1, the series converges to
e-l/(1 - e-l) = 1/(e - 1).

7. J(x) = xe-:t is continuous and positive on [1,00). J'(x) = -xe-:t + e-:t = e-:t(1 - x) < 0 for x> 1, so f is

decreasing on [1,00). Thus, the Integral Test applies.

I1CX) xe-:t dx = lim I: xe-:t dx = lim [-xe-:t - e-:t]~ (by parts)
b-CX) b-CX)

= lim [ -be-b - e-b + e-l + e-l ] = 2/e
b-CX)

lim (bleb) ~ lim (l/eb) = 0 and lim e-b = O. Thus, L::"=l ne-n converges.
b--+oo b--+oo b--+oo

since lim be-b =
b-+CX)

8. The function f(
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1. ( 1 1) 1 S. th.. . at.= t~ -W + 3 = 3. mce IS Impropermtegr IS

by the Integral Test.

diverges.

15. The function.

100

1
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Therefore, the
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0 f( ) 3:1:+2 2 1 [b o alfra ° ) .. .. dd . 16. The functIon x = ( ) = - + - Y pam ctIons IS contInuous, positive, an ecreasmg on

xx+1 x x+1

[1,00) since it is the sum of two such functions. Thus, we can apply the Integral Test.

roo 3(X + 2) dx = lim (t [~ + ~ 1] dx = lim [2lnx + In(x + 1)]~
} I X X + 1 t-.oo } I X X + t-..,.,

= lim [2 In t + In(t + 1) -In 2] = 00
t-..,.,

00
Th 0 """' 3n + 2 dous, the senes L.,

( 1 ) Ivergeso

n=l n n+

17. f(x) = ~ is continuous and positiv~ on [1,00). and sinc~

f'(x) = _!-=~ < 0 for x> 1, f is also decreasing. Using the Integral Test,
(X2 + 1)Joo ~ dx = 11m rt ~ dx = lim [ In(X2 + 1)] t = ~ lim [In(f + 1) -ln2] = 00, so the series

1 x + 1 t--+oo Jl x + 1 t--+oo 2 1 2 t-oo

diverges.

18. The function f(x) = 2 41 5 = ( 21
)2 '" 1 is continuous, positive, and decreasing on [2,00), so thex - x+ x- +

Integral Test applies. (CK> f(x) dx = Jim (t f(x) dx = lim (t ( 21)2 dx = lim [tan-l(x - 2)]~ =
12 t-..CK> 12 t-+CK> 12 X - + 1 t-+CK>

CK>

lim [tan-l (t - 2) - tan-l 0] = ~2 - 0 = ~2 ' so the series """""' 2 41
5 converges. Of course this means

t-+CK> L.., n - n +

n=2
CK> 1

that L n2 - 4n + 5 converges too.
n=l

19. f(x) = xe-z2 is continuous andpositive on [1,00), and since f'(x) = e-x2 (1 - 2X2) < 0 for
Thus, we can use the Integral Test

= 0 - (-~e-l) = 1j(2e). Since the integral

x > 1, / is decreasing as well.
2 [ 2]tJOO -:I: dx lim 1-:1:xe = --e1 t-.-oo 2 1

20. /(x) = ~ is continuous and positive for x?; 2, and /,(x) = ~ < 0 for x?; 2, so / is

100 In x . [ lnx l ] t H Loo lnn Loo Inn
~ dx = 11m -- - - [by parts] = 1. Thus, ~ = ~ converges by the Integral Test.

2 x t-.-oo X X 2 n n
n=l n=2

21. /(x) = - II is continuous and positive on [2,00), and also decreasing since /'(x) = -2f~ < 0 for x> 2,
x nx x (lnx)

roo - II dx = lim [In(lnx)]~ = lim [In(lnt) -In(ln2)] = 00, so the series

12 x nx t-.-oo t-.-oo
so we can use the Integral Test.

diverges.

22. The functio:

X4
f'(x) = -

I

100;

so the sene!

23. The functio

partial fract


