
82. (a) r = e9 =} dr /de = t;9, so by

Exercise 81, tan 1/1 = r/e9 = 1 =}

1/1 = arctanl = i.

(c) Let a be the tangent of the angle between

the tangent and radial lines, that is,
a = tan 1/1. Then, by Exercise 81,

r dr 1
a="- ~ -=-r

-dr/dB dB a

r = Ce9/a(by Theorem 10.4.2).

11.4 Areas and Lengths in Polar Coordinates

,. r = ..;e, 0 ~ 8 ~ ~. A = fO~/4 ~r2 d8 = fo"/4 ~ ( ..;e) 2 dfJ = fO"/4 ~8 dO = [~82];/4 = ~1r2

2. r = e8/2 1r < 8 < 21r. A = J.2" 1 (e8/2 )2 d8 = J.2" le8 dO = 1 [e8)2" = 1(e2~ - e~ ),-- ,,2 ,,2 2 ~ 2

3. r = sin 8, i ~ 8 ~ ¥.
A = r2"/31 . 2l1 dO-1 J.2~/3 (1 - 2")dfJ -l ["_l. 2"]2~/3J"/3 2 sm u - 4 ~/3 cos u - 4 u 2 sm u ~/3

= 1[~ - 1 sin ~ - .!: + 1 sin ~ ] = 1 [~ - 1(-.Y:1 ) - .!: + 1(.Y:1)] - 1(.!: + .Y:1) - .!:. + .Y:14 3 2 3 3 2 3 4 3 2 2 3 2 2 - 4 3 2 - 12 8

4. r = v'S[i;7j, 0 ~ 8 ~ 1r. A = fo" ~ (v'S[i;7j)2 dO = fo" ~ sin8d8 = [-~ cos8]; = ~ + ~ = 1

5. r = 8, 0 ~ 8 ~ 1r. A = fo" ~82dfJ = [ifJ3]; = i1r3

6. r = 1 + sin 8, ~ ~ 8 ~ 1r.

A = f""/2 ~(1 + sin 8)2 dO = ~ f:/2(1 + 2sin8 + sin2 8) dfJ = ~ f:/2 [1 + 2sin8 + ~ (1 - cos28)] dO

= ~ [8 - 2cos8 + ~8 - ~ sin 28):/2 = ~ [1r + 2 + ~ - 0 - (~ - 0 + ~ - 0)) = ~(¥ + 2) = ~ + 1

A

8.r=sin49,O:

(b) The Cartesian equation of the tangent line at (1,0) is

y = x-I, and that of the tangent line at (0, e'K/2)
9. The area abovc

()=Oto()=.
is y = e1r/2 - X. A = 2I:/2 ~

= 32 J.~ /20 .

-2
[ 8+1

-2 2

Also, note tha

10. A = r2~ lr2
Jo 2

=!J~~(l
= 2. r2~ [-

2 Jo .

= ![~8+

11. The curve r2

(}=7r/4,so,

multiply it by

so we'll find

A - 2 r,./2- Jo

=-~(-]



1. r=4+3sin().-~ $()$~.

A = J.:~~2 ~(4 + 3 sin ())2d() = ~ J.:~~2 (16 + 24 sin () + 9sin2 ()) d()

= ~ J.:~~2 (16 + 9 sin2 ()) d() [by Theorem 5.5.6(b)]

= ~ .2 JoW/2 [16 + 9 . ~(1 - COB 2())) d() [by Theorem 5.5.6(a)]

= J;/2(¥ - ~ cos2()) d() = [¥() - ~ sin2()];/2 = (¥ - 0) - (0 - 0) = ~

8. r = sin4(), 0 $ () $ ~. A = JoW/4 ~ sin2 4()d() = JoW/4 i(l- cos8()) d() = [i() - 3\ sin8()];/4 = f6

9. The area above the polar axis is bounded by r = 3 COB 0 for

() = 0 to 0 = 7r /2 (not 7r). By symmetry,

A = 2 JoW/2 ~r2 dO = Jow/2(3cosO)2dO

= 32 J;/2 COS2 OdO = 9 JoW/2 ~(1 + cos20) dO

= ~[O+ ~sin20];/2 = ~[(i +0) - (0+0)] =~.

Also, note that this is a circle with radius!, so its area is 7r ( ! )2

10 A - r2w !r2 dB - r2w! [3(1 + cos (J)]2 dB. - Jo 2 - Jo 2

= ~ I~w (1 + 2 COB (J + COS2 (J) dB

= ~ I~w [1 + 2cos(J + ~(1 + cos2(J)] dB

= ~[~(J+2sin(J+ ~sin2(J]~W = ¥rr

11. The curve r2 = 4 COB 2() goes through the pole when

() = 1T / 4, so we'll find the area for 0 ~ () ~ 1T / 4 and

multiply it by 4.

A = 4 Jo"/4 ~r2 d8 = 2 Jo"/4 (4cos 2()) d8

= 8 Jo"/4 cos2()d8 = 4 [sin2()]~/4 = 4(1 - 0) = 4

12. The curve r2 = sin 28 goes through the pole when 8 = 'If /2,

so we'll find the area for 0 ::; 8 ::; 'If /2 and multiply it by 2.

A = 2 fOW/2 !r2 dB = fOW/2 sin 28 dB = -! [cos 28]~/2

= -~(-1-1) = -~(-2) = 1
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13. One-sixth of the area lies above the polar axis and i:

by the curve r = 2 COB 38 for 8 = 0 to 8 = 7r /6.

A = 6 fow /6 ~ (2 COB 38)2 dO = 12 fa" /6 COS2 38 dO

= ¥ Jow/6(1 + cos68)dfJ

= 6[9 + i sin 69];/6 = 6(i) = 11"

14. A = J:~ ~ (2 + cos 28)2 d() = ~ JO2~ (4 + 4 COB 28 + COS2 28) d(}

= ~ f:'" (4 + 4cos2() + ~ + ~ cos4()) d()

= ~ [~() + 2 sin 2() + i sin4()]~'"

= !(97r) = ¥

15. A = J:W ! (1 + 2 sin 6())2 d() = ! J:w (1 + 4 sin 6() + 4 sin2 6())d()

= ! J;w [1 + 4 sin 6() + 4. !(1 - COB 12())] d()

= ! J:w (3 + 4 sin 68 - 2 COB 12()) d()

= ![3iJ- ~cOB6()- *sin12()]~W

= ! [(671" - ~ - 0) - (0 - ~ - 0)] = 371".

16. A = Io" ~ (2 sin fJ + 3 sin 9fJ)2 dfJ = 2 Io" /2 ~ (2 sin fJ + 3 sin 9fJ)2 dfJ

= I;/2(4sin2 fJ + 12 sin fJ sin 9fJ + 9sin2 9fJ) dfJ

= IO,./2 [2(1 - COB 2fJ) + 12 . ~ (cos(fJ - 9fJ) - cos(fJ + 9fJ)) + !(1 - COg 18fJ)] dfJ

[integration by parts could be used for I sin fJ sin 9fJ dfJ]

= I;/2(2 - 2 cos2fJ + 6cos 8fJ - 6cos 10fJ + ! - ! COB 18fJ) dfJ

= [¥fJ - sin2fJ + ~ sin8fJ - ~ sin 100 - isin18fJ];/2 = ¥1T

1100axis and is bounded 17. Thepolar shaded

to 8 = 11"/2.

A = JoW/2
1 f".= 2JO

-1
[ 9-

-4

(I. f)
I

(3,0)

19. r = 0 * 3
A = j W/lO 1(-wilD 2

ZO. A = 2 JoW/8 ~(

-3 3

22. To determine w

through the poll

20082 () - 1 =

8=:::!tor8=::~
4

A=:2f1r/4! (,
Jo 2'

= 10,./4 [4. i
3.5

;: [-29 + sil



17. The shaded loop is traced out from () = 0
to () = 11"/2.

A - r"/2 lr2 d(} - 1 r,,/2 sin2 2(} d(}- Jo 2 - 2 Jo

= ~ IO"/2 ~(1 - cos4(}) d(}

-1 [(}_lsin4(} ] "/2 = l ( !!.) =!!.
-4 4 0 42 8

19. r = 0 => 3 COg 58 = 0 => 56 = ~ => 6 = -fa.

A = f~~~~o ~ (3 COg 58)2 dO = foW /10 9 COS2 56 dO = ~ fa" /10 (1 + COg 106) d6 = ~ [6 + fo sin 106] ~ /10 = ~

-I
T ~ 1... .- I -, II...

8=- 8=-6 6

A = 2 f::/: ~(1 + 2 sin 9)2 d8 = f::/:(l + 4sin9 + 4sin2 8) d8

= f::/: [1 + 4sin9 + 4. ~(1 - cos29)] d8 = [9 - 4cos9 + 29 - Sin29]~:~~

- (~ ) - (h + 2 '3 - :11.) - 11" - .:!oil- 2 2 Vi) 2 - 2 !

!2. To determine when the strophoid r = 2 COg 9 - sec 91Passes \through the pole, we solve r = 0 => 2cos9 - ~ = 0 =>

1 1
2cos29-1=0 => cos29=2 => cos9=:i:"J2 =>

9=~or9=¥forO~9~1I"with9#~. (A = 2 fo"'/4 ~(2 cos9 - sec 9)2 d9 = fO"/4(4 COS2 9 - 4 + sec2 9) d8

= fO"/4 [4. ~(1 +cos29) - 4 +sec28] d8 = fO"/4(-2 + 2cos28 +sec29)d8

= [-29+sin29+tan9]~/4 = (-~ + 1 + 1) -0 = 2- ~
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18. A = fO,./3! (4sin38)2d8 = 8fo,./3sin238d8

= 4fo,./3 (1- cos68)d8
- 4[8 - 1 . 68],./3 - !2!:- 6sm 0 - 3

r= 4sin39

r = sin 28

This is a lima~on, with inner loop traced

out between 0 = If and ~
[found by solving r = 0].

8=.!:. 4
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/'
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