
COMPLEX	NUMBERS	
	
Introduction	to	Complex	Numbers:	
	
1.	 The	number	݅	is	the	number	that	is	a	solution	to	the	equation	

ଶݖ ൅ 1 ൌ 0	
	 or	

ଶݖ ൌ െ1	
	 or	

݅ଶ ൌ െ1	
	
	
2.	 If	we	enlarge	the	real	numbers	to	a	new	set	including	the	number	݅,	we	obtain	the	

complex	number	system		ԧ ൌ ሼݔ ൅ ,ݔ	|	ݕ݅ ݕ ∈ Թሽ	.	
	
	 (a)	 All	familiar	operations	of	addition,	subtraction,	multiplication,	and	division	can	be	

defined	and	performed.	
 ሺܽ ൅ ܾ݅ሻ ൅ ሺܿ ൅ ݅݀ሻ ൌ ሺܽ ൅ ܿሻ ൅ ݅ሺܾ ൅ ݀ሻ	
 ሺܽ ൅ ܾ݅ሻ െ ሺܿ ൅ ݅݀ሻ ൌ ሺܽ െ ܿሻ ൅ ݅ሺܾ െ ݀ሻ	
 ሺܽ ൅ ܾ݅ሻ ⋅ ሺܿ ൅ ݅݀ሻ ൌ ܽܿ ൅ ܽ݀݅ ൅ ܾܿ݅ ൅ ܾ݀݅ଶ ൌ ሺܽܿ െ ܾ݀ሻ ൅ ݅ሺܽ݀ ൅ ܾܿሻ	

 ௔ା௜௕

௖ା௜ௗ
ൌ ௔ା௜௕

௖ା௜ௗ
⋅ ௖ି௜ௗ
௖ି௜ௗ

ൌ ௔௖ି௔ௗ௜ା௕௖௜ି௕ௗ௜మ

௖మିௗమ௜
ൌ

ሺ௔௖ା௕ௗሻିሺ௕௖ି௔ௗሻ௜

௖మାௗమ
ൌ ௔௖ା௕ௗ

௖మାௗమ
൅ ݅ ௕௖ି௔ௗ

௖మାௗమ
	

	
	 	 NOTE:		If	ݖ ൌ ܽ ൅ ܾ݅,	the	complex	conjugate	is	

̅ݖ ൌ ܽ ൅ ଓܾതതതതതതതത ൌ ܽ െ ܾ݅	
	
	 (b)	 The	Associative	and	Commutative	Properties	of	addition	and	multiplication	hold.	
	
	 (c)	 The	Distributive	Property	holds.	
	
	
3.	 Surprisingly	the	following	result	is	true:	
	 Fundamental	Theorem	of	Algebra:		Let	ܽ௡ݖ௡ ൅ ܽ௡ିଵݖ௡ିଵ ൅ ⋯൅ ܽଵݖ ൅ ܽ଴ ൌ 0	be	a	

polynomial	equation	with	complex	coefficients.		The	equation	as	݊	complex	solutions	
(counting	multiplicity).	

	 	



Geometric	(Vector)	Representation	of	Complex	Numbers:	
	
	 We	can	consider	ݔ ൅ ,ݔሺ	pair	ordered	an	be	to	ݕ݅ 	,axis	real	the	axis‐ݔ	the	call	we	If		ሻ.ݕ
Reሺݖሻ,	and	the	ݕ‐axis	the	imaginary	axis,	Imሺݖሻ,	we	can	think	of	the	complex	number	
ݖ ൌ ݔ ൅ 	.vector	two‐dimensional	a	as	ݕ݅

	
Addition	of	complex	numbers	corresponds	to	vector	addition	geometrically.	

												 	
	
	 The	length	of	the	vector	ݖ ൌ ݔ ൅ 	is	ݕ݅

|ݖ| ൌ ඥݔଶ ൅ 	ଶݕ
and	is	called	the	absolute	value,	or	modulus,	of	the	complex	number	ݖ.	
	
	 The	distance	݀	between	two	complex	numbers	ݖଵ	and	ݖଶ	is	

݀ሺݖଵ, ଶሻݖ ൌ ଵݖ| െ |ଶݖ ൌ ଶݖ| െ 	|ଵݖ
	
Properties	of	Absolute	Value:	
	 1.	 ଵݖ| ⋅ |ଶݖ ൌ |ଵݖ| ⋅ 	|ଶݖ|
	

	 2.	 ቚ௭భ
௭మ
ቚ ൌ

|௭భ|

|௭మ|
		when	ݖଶ ് 0	

	
	 3.	 ଵݖ| ൅ |ଶݖ ൑ |ଵݖ| ൅ 	|ଶݖ| (Triangle	Inequality)	
	
	 4.	 ଵݖ| ൅ |ଶݖ ൒ |ଵݖ| െ 	|ଶݖ| (Reverse	Triangle	Inequality)	

	 	



Polar	Form	of	Complex	Numbers:	
	

If	ݖ ൌ ݔ ൅ ݎ	and	ݕ݅ ൌ ඥݔଶ ൅ ଶݕ ൌ 	have	we	,|ݖ|
	

	
Thus,	ݖ ൌ ݔ ൅ ݕ݅ ൌ ݎ cos ߠ ൅ ݎ	݅ sin ߠ ൌ ሺcosݎ ߠ ൅ ݅ sin 	of	form	polar	the	called	is	This		ሻ.ߠ
complex	numbers.	
	
	
Geometric	Interpretation	of	Multiplication:	
	
Let	ݖଵ ൌ 	 ଵሺcosݎ ଵߠ ൅ ݅ sin ଶݖ	and	ଵሻߠ ൌ ଶሺcosݎ ଶߠ ൅ ݅ sin 	.ଶሻߠ
	

ଵݖ ⋅ ଶݖ ൌ ଵሺcosݎ ଵߠ ൅ ݅ sin ଵሻߠ ⋅ ଶሺcosݎ ଶߠ ൅ ݅ sin 	ଶሻߠ
ൌ ଶሾሺcosݎଵݎ ଵߠ ൅ ݅ sin ଵሻߠ ⋅ ሺcos ଶߠ ൅ ݅ sin 	ଶሻሿߠ
ൌ ଶሾሺcosݎଵݎ ଵߠ cos ଶߠ െ sin ଵߠ sin ଶሻߠ ൅ ݅ሺsin ଵߠ cos ଶߠ ൅ cos ଵߠ sin 	ଶሻሿߠ
ൌ ଵߠଶሾcosሺݎଵݎ ൅ ଶሻߠ ൅ ݅ sinሺߠଵ ൅ 	ଶሻሿߠ

	

	
	
This	generalizes	to	

ଶݖଵݖ ௡ݖ⋯ ൌ ଶݎଵݎ ଵߠ௡ሾcosሺݎ⋯ ൅ ଶߠ ൅ ⋯൅ ௡ሻߠ ൅ ݅ sinሺߠଵ ൅ ଶߠ ൅ ⋯൅ 	௡ሻሿߠ
This	result	is	known	as	DeMoirve’s	Theorem.	
	
If	we	define	݁௜ఏ ൌ cos ߠ ൅ ݅ sin 	have	we	,ߠ

ݖ ൌ ݔ ൅ ݕ݅ ൌ ሺcosݎ ߠ ൅ ݅ sin ሻߠ ൌ 	௜ఏ݁ݎ
This	is	called	the	exponential	form	of	a	complex	number.	
	



NOTE:		At	this	point	݁௜ఏ	is	just	short‐hand	for	cos ߠ ൅ ݅ sin 	more	in	shown	be	can	It		.ߠ
advanced	classes	that	this	is	related	to	the	complex	exponential	function	݂ሺݖሻ ൌ ݁௭.	
	
Using	the	exponential	form	of	complex	numbers,	multiplication	of	complex	numbers	
becomes	

ଵݖ ⋅ ଶݖ ൌ ଵ݁௜ఏభݎ ⋅ 	ଶ݁௜ఏమݎ
ൌ ଵሺcosݎ ଵߠ ൅ ݅ sin ଵሻߠ ⋅ ଶሺcosݎ ଶߠ ൅ ݅ sin 	ଶሻߠ
ൌ 	 ଵߠଶሾcosሺݎଵݎ ൅ ଶሻߠ ൅ ݅ sinሺߠଵ ൅ 	ଶሻሿߠ
ൌ ଶ݁௜ݎଵݎ

ሺఏభାఏమሻ	
	
	


