Section 3.2

Norm, Dot Product, and
Distance in R"
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NORM OF A VECTOR

The length of a vector Vv is often called the norm
of v and is denoted by ||v||. By the Pythagorean
Theorem, we have

HVH:W if v=(v,v,)in 2—space
HWFW if v=(v,,v,,v;) in 3—space

NORM OF A VECTOR IN R"

Ifv=(v, v, ..., v, isavector in R", then the
norm of v (also called the length of v or the
magnitude of v) is denoted by ||v||, and is defined
by the formula

[V =i +vs+ - +v7

THEOREM 3.2.1

Theorem 3.2.1: Ifvis a vector in R”, and if k is
any scalar, then:

(@ [M=0
(b) |v[|=0 ifand onlyif v=0
(c)  [lkv]l =&l V|

UNIT VECTORS

A vector of length 1 is called a unit vector.

If v is any nonzero vector in R", then

1 \Y;

u= V=
v (vl

defines a unit vector that is in the same
direction as V.

STANDARD UNIT VECTORS

When a rectangular coordinate system is
introduced in R? and R?, the unit vectors in the
positive directions of the coordinate axes are
called the standard unit vectors. In R?, these
vectors are denoted by

i=(1,0) and j=(0,1)
and in R3 by
i=(1,0,0), j=(0,1,0), and k=(0,0,1)
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STANDARD UNIT VECTORS DISTANCE BETWEEN

(CONCLUDED) VECTORS
In R”, the standard unit vectors in R” are defined Ifu=(u, ... ,u)andVv=(v,v,,...,v,) are
to be points in Rn, then we denote the distance between

e =(1,0,0,...,0), &=(0,1,0,...,0), u and v by d(u, v) and define it to be

..., ©=(0,0,0,...,1) d(U,V) = [ U=V =, =) + (s =) + -+, —v,)
in which case every vector V.= (v;, v,, ..., v,) in
Rn can be expressed as

V=, Vpy oo V) =
Vi€ tv,e t ...+t V€

2
THE DOT PRODUCT IN R THE DOT PRODUCT IN R"

AND R3
If u and v are nonzerp vectors in R? or R?, and if § U= (uy, tt, . .., u)and V= (v, vy, ..., v,)are
is the angle between U and v, then the dot product any vectors in R" thnen the dot product (alsg

(also called the Euclidean inner product) of u
and Vv is denoted by U - v and is defined as

u-v=I[lufl{fvicosd

called the Euclidean inner product) of u and v
is denoted by u - v and is defined by

U-v=uwv,tuy,t...+tuy

n-n*

Ifu=0or v =0, then we define u - v to be 0.

THE DOT PRODUCT AND PROPERTIES OF THE DOT
NORM PRODUCT
Theorem 3.2.2: Ifu, v, and W are vectors in R”, and
|VI[=+Vv-Vv if k is any scalar, then:

(@ u-v=v-u [Symmetric property]
() u-(v+tw)=uUu-v+u-Ww [Distributiveproperty]
(¢) k(u-v)=(ku)-v=u-(kv) [Homogeneity property]
(d v-v>0ifv£0, [Positivity property]

andv-v=0ifv=0




MORE PROPERTIES OF THE
DOT PRODUCT

Theorem 3.2.3: If u, v, and w are vectors in R”, and
if k is any scalar, then:

(a 0-v=v-0=0

b)) U+v)-w=u-v+u-w
(¢) u-(v-w)y=u-v—-u-w
d @U—-Vv)-w=u-v—-u-w

(&) Kku-v)=u-(kv)
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THE ANGLE BETWEEN
VECTORS IN R"

We extend the idea of the angle between vectors
to R" by defining the angle 6 between vectors U
and v with the formula

0:005"[ u-v ]
flulf vl

CAUCHY-SCHWARZ
INEQUALITY IN R"

Theorem 3.2.4: Ifu=(uy, uy, . .., u,) and
V=(v, V..., V,) are vectors in R" , then

- vl < [ulfiv]].

THE TRIANGLE
INEQUALITIES

Theorem 3.2.5: Ifu, v, and w are vectors in
R”, then:

(@) lu+ vl < luf| + v
[Triangleinequality for vectors]

(b) d(u,v)=du,w)+dw,V)
[Triangleinequality for distance]

PARALLELOGRAM
EQUATION FOR VECTORS

Theorem 3.2.6 Parallelogram Equation for
Vectors. If u and Vv are vectors in R”, then

Tu+VE +u=viP=2(ulP +[[vI})

A THEOREM

Theorem 3.2.7: If u and Vv are vectors in R” with
the Euclidean inner product, then

uv=Ljuevp - Lju-ovp
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